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Abstract: Einstein—Podolsky—Rosen (EPR) constructed a scenario in which,
from a measurement on one particle of an entangled pair, one can
infer with certainty the value of a conjugate observable of the other
particle, purportedly without disturbing it. = EPR argued that perfect
correlations permit simultaneous reality of non-commuting properties and
thereby demanded either absolute simultaneity or incompleteness of the
wavefunction. We show in detail that their conclusion rests on two
logical/structural errors: (i) conflation of prediction (inferential assignment
within a model) with measurement (physical interaction producing an
outcome in a specified frame), and (ii) implicit assumption of absolute
simultaneity across orthogonal reference frames. We further prove that Bell’s
inequality is structurally incompatible with quantum predictions because it
replaces quantum eigenfunctions ¢ (vectors/operators in 7 obeying linearity,
orthogonality, and conservation) with scalar hidden parameters A lacking
eigenfunction properties. We propose the so-called “hidden variables” are the
implicit quantum mechanical laws themselves: orthogonality of eigenvectors,
linearity of superposition, and conservation constraints. With these reinstated,
the wavefunction provides a complete, relativistically consistent description

of physical reality.
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1. Introduction

The Einstein—Podolsky—Rosen (EPR) paradox [1] and Bell’s theorem [2] have long been
regarded as central challenges to the completeness of quantum mechanics. EPR argued that
quantum mechanics is incomplete because it does not allow simultaneous sharp values of
non-commuting observables, while Bell showed that no local hidden-variable theory can
reproduce the correlations predicted by quantum mechanics. These arguments have fueled
decades of debate about the foundations of quantum theory.

In this paper we propose a structural resolution of the EPR paradox (Section: 2 -
2.14) and Bell’s theorem (Section: 3). Our approach is based not on hidden variables
or interpretive additions, but on the implicit algebraic laws of Hilbert space itself (Section:
2.3): orthogonality, linearity, and conservation (Section: 2.6). We show that entangled
systems can be consistently described as operator-factorized pure states, using Pauli
matrices as operator-valued coefficients (Section: 2.13). This restores separability in an
operator sense, while preserving the correlations that violate Bell’s inequality (Section:
3.6).

The novelty of our approach lies in demonstrating that inseparability is conditional on
restricting coefficients to scalars (Section: 2.13). Once operator-valued coefficients are
admitted, separability is restored without contradiction. This provides a rigorous algebraic
mechanism for understanding entanglement as a structural feature of Hilbert space, rather
than as a mysterious nonlocal connection (Section: 2.12). Aspect’s experiment and the
Empirical test of Bell’s inequality is discussed in (Section: 4)

We also situate our framework within modern interpretive debates (Section: 5).
Rovelli’s relational quantum mechanics, Spekkens’ contextuality program, and QBism
all emphasize the relational or contextual nature of quantum states. Our operator-based
factorization extends these perspectives by providing a concrete algebraic mechanism for
conditional separability. In conclusion we state how in this way, our work both resolves the
EPR paradox and contributes to the broader discussion of quantum foundations (Section:
6).

2. Structural Resolution of EPR

2.1. Simultaneity, frames, and operator reality

Let M be Minkowski spacetime[4] and let F' denote an inertial frame defined by
an orthonormal tetrad {eu}zzo- Two spacelike-separated events Fq,Fy € M are
simultaneous in F' if their time coordinates satisfy t; = t2 with respect to . Under a
Lorentz transformation [5] A € SO™(1,3), the simultaneity relation is not invariant: if
F' = AF, then
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v
tp—ty =" (t1—t2)—g'($1—$2) ,

with v = (1 — v2/¢?)~'/2. Thus, simultaneity is frame-dependent.

A pure quantum state |1)) € H[6] [7] is a ray and physical properties are described by
self-adjoint operators A, B on H. Simultaneous reality for (A, B) requires the existence
of a common eigenvector [1) such that A |¢)) = aly), Bly) = bly), This is only
possible if A and B commute on the spectral subspace associated with [¢). If [4, B] # 0,
the spectral theorem [7] together with Ballentine’s analysis [8] imply that no nontrivial
complete common eigenbasis exists,' and precise simultaneous measurement is forbidden
by the uncertainty relation [9] (A, A4)% = (A%), — <A)12p, (AyB)? = (B?), — (B}Z),

AyAAyB > 5 [{[A Bl)y|.

EPR’s setup considers two observers (Alice, Bob) nominally “at rest.” However,
the operational rest frames for position () and momentum P are orthogonal conjugate
representations related by Fourier transform[10][12] . Writing the position-space

wavefunction () = (z|+)) and momentum-space wavefunction ¢(p) = (p|t)), we have

Ip) = e /R e/ () da,

(27h)1/2
which is a unitary map H, — #,. The respective eigenstates |x) and |p) satisfy Q |z) =
x|x), Plp) = plp), (@, P] = ihlI, and obey the overlap relation[10] (z|p) =

(27Th)71/26ipx/h‘
The orthogonality of measurement frames is encoded by the non-commutativity
[Q,P] # 0. Consequently, any claim of “absolute simultaneous reality” across these

conjugate frames violates both operator algebra and relativistic simultaneity.

2.2. EPR’s measurement and prediction conflation

EPR’s logical error arises from conflating predictive assignment (conditioned on a
measurement performed in one frame) with a simultaneous measurement in the same

frame. If |¢) is an eigenstate of A, then

A|Yp) =alyp) = measurement of A yields a with certainty.

It is worth noting that [A, B] # 0 does not forbid the existence of isolated common eigenvectors (e.g.
certain angular momentum states), but it does exclude the possibility of a complete common eigenbasis
spanning the Hilbert space. This is the sense in which precise simultaneous measurement is generally
forbidden.
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Example. Let ¢)(z) = eh™” be a plane wave. Acting with the momentum operator

d
P =—ih oo

we obtain P (z) = —ih%e%pox = po N P = poip.
The position is indeterminate: Q¢ = x1» # a1. The probability of finding the particle
in the interval [a, b] is

P(x € [a, b)) —/ab\zp(x)ﬁdx—/abdx—b—a,

since |¢(x)|> = 1 for a plane wave.
Therefore, “prediction with certainty” of momentum does not constitute “simultaneous
measurement” of position; certainty in one frame implies indeterminacy in its orthogonal

conjugate.

2.3. Ensemble interpretation and frame dependence([8§]

Let W(z1, z2) be the bipartite wavefunction on H; ® Hs. EPR presented expansions in
orthonormal bases {u, (x1)} C H1, {vs(x1)} C Ha:

U(x1,22) E P (22) un(z1) § ws(x2) vs(21),

where ¥, (z2) and ¢4 (x2) serve as expansion coefficients (in fact, partial wavefunctions

on subsystem 2 conditioned on the choice of basis on subsystem 1).

i
For the continuous-spectrum momentum representation, with u,(z1) = en?**, we have

\I/<3717332) = /wp(xz) up(xl) dp, wp(g;Q) — e*%(wzﬁm)p_

Let P, = —ih 3%2 denote the momentum operator on subsystem 2. Then

R A
Py, (x9) = _Zhﬁixge R(T2ma)p — —pp(x2),

s0 1, is an eigenfunction of P, with eigenvalue —p, encoding perfect anticorrelation.

For the position representation, with v, (x1) = 6(x1 — x),

we have U(z1,22) = [ ¢u(22) vg(21) de, 0u(z2) = 6(x — 9 + x0). Define
Q2 = w9 acting multiplicatively; then Q2w (z2) = (z + x0) @z (x2), representing perfect
correlation in position.

The algebraic obstruction to simultaneous sharp values is embodied in

[P, Q2] = —ih I,

which expresses the canonical commutation relation in A notation.
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which implies non-commutativity across the two expansions. Hence the same bipartite
state can be expanded in orthogonal measurement frames, but no single frame supports

simultaneous sharp measurement of both non-commuting observables.

2.4. Redefining wavefunction as instantaneous ensemble density

Let W(x,t) be the complex amplitude. The probability density is |¥(z,t)|?, and

expectation values follow:

(Abg = / U (2, ) (AT (z, 1) da.

We propose interpreting W(x, t) as the instantaneous spatial distribution of an ensemble

of indistinguishable particles in rest-frame F'. Measurement is modeled by a projection:

g |¥) = z) (x| dx
¥ — gl e [ el de

singling out one particle at time ¢ from the ensemble superposition. The statistics of
repeated detections at - over time define a frequency f(z) o |¥(z,t)|%.
Ambient fluctuations—Brownian-like motion, condensate phase noise, vacuum

fluctuations—can be modeled as stochastic perturbations n(z, t) with () = 0,

(n(x,t)n(2',t')) = Clx — ', t —t').

The evolved amplitude satisfies a stochastic Schrodinger equation: A0V =
HV + Z[U; 7], where E encodes environment-induced noise. Deterministic connection
of an initial microstate to a final microstate is therefore obstructed, leaving only

probabilistic/statistical correlations consistent with unitary dynamics on the ensemble.

2.5. Pure vs. mixed correlations under conservation

Let |U) be a singlet-like pure state,

@) = 5 (le+) [p—) — le=) [p+) ),
with total angular momentum zero. For a single entangled pair, conservation laws
enforce pure-state evolution: U(t)|V) = |¥(t)), U(t) = e /" with H =
Hi®I+1® Hy+ Hiy.
Correlations are computed from projection-valued measures (PVMs)[14] [13]
{EA(A)}, {EB(A)} for observables A, B. The joint probability for outcomes a € A,
be Ayis

P(CL S Aa,b S Ab) = <\If‘ EA(AQ) ®EB(Ab) ’\I/> .
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For ensembles of many indistinguishable pairs, the density operator becomes mixed:

p=> wil (T, > w=1,
J j

and correlations average across unrelated pairs, relaxing pairwise conservation

constraints in the observed statistics.

2.6. Orthogonality of measurement frames and the impossibility of simultaneous sharp

values

Let the bipartite expansions be restated:

Va(zr,zrr) =Y, Yn(2rr) un(zr), Up(rr,xrr) =Y, ps(xrr) vs(er),

with u,, eigenfunctions of A (e.g., momentum eigenfunctions), v eigenfunctions of B
(e.g., position eigenfunctions), and [A4, B] # 0.

In the entangled regime, the conditioned amplitudes satisfy

Yr(zrr) = er(zr1), ug(zr) = vr(21),

under appropriate labeling of correlated outcomes. Thus the two expansions are not
distinct physical realities but different operator bases of the same entangled system. Define

the “momentum-view” and “position-view” total amplitudes:

Vi (2) =Y dn@)un(e),  Wh(z) =Y ps(@) vs(a).

Collapse into both ¢y, and ¢, simultaneously would imply a common eigenvector of
non-commuting P and (), which is forbidden by

[P,Q] =ihI = no nontrivial simultaneous eigenstates.

2.7. Frame Dependence and Orthogonality Condition

The key insight is that the two expansions above correspond to orthogonal reference
frames in Hilbert space. The Fourier transform relating position and momentum bases is a

unitary rotation:

P(p) = ! 7z /e‘im/h¢(m) dx.

(27h)
Therefore, the “rest frame” in which momentum is sharp is orthogonal to the “rest
frame” in which position is sharp. An observer cannot simultaneously occupy both frames.
Thus, if Alice measures momentum of particle I, she projects the system into a

momentum eigenstate. Bob, in the correlated frame, can predict the momentum of particle
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IT with certainty. But if Alice instead measures position, she projects into a position
eigenstate, and Bob can predict the position of particle II. These are two mutually exclusive

experimental contexts, corresponding to orthogonal frames.

2.8. Explicit operator action: prediction vs measurement

Consider EPR’s integral representation

i
Let A = P; with eigenfunctions u,(x1) = en”*. Then

.

(w1, 29) = /wp(fUz) up(z1) dp, Vp(z2) = e~ R(@2—T1)p.

Similarly, for B = @), with eigenfunctions v;(z1) = §(z1 — z), we have

U(z1,z9) = /gox(:/vg) v (1) dz, wz(z2) = §(x — 22 + 20).

Measurement in one frame (e.g. P;) projects |¥) onto |p); ® |—p),. Prediction of Q2
from this projection is conditional and model-based; it is not a simultaneous measurement
of (2 in the same frame as P;. The distinction is formalized by POVMs or PVMs [14]

acting on different subsystems and frames:

Measurement: (Ep, (Ap) ® 1) |¥) Prediction: (¥|(Ep, (Ap) ® Eqg,(Aq)) |¥).

EPR’s logical leap treats the latter conditional probability as an instance of simultaneous
sharp values, which is invalid for [P», Q2] # 0.
Let us formalize the distinction. Suppose Alice measures observable A on particle I,

projecting the state:

(Ee ®D)|P)
(et & 1) [%) |

) —
where E4 is the spectral projector of A. Bob’s conditional state is then

_(a[®)
[ {al @)

Bob can predict with certainty the outcome of measuring A on his particle, but this is a

[vB) =

prediction based on Alice’s measurement, not a simultaneous measurement of A and B in

the same frame.
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EPR’s error was to treat the conditional certainty of prediction as evidence of
simultaneous reality of non-commuting observables. In fact, the predictions are

frame-dependent and mutually exclusive.

2.9. Relative simultaneity as the governing principle

Let Alice’s frame be Fj4 (momentum-conjugate), Bob’s frame be Fp
(position-conjugate).  Their frames are related by a unitary “rotation” in Hilbert
space [6] U 4p implementing the Fourier transform. If Alice measures P sharply (projector
Ep (A)), Bob’s simultaneous sharp measurement of () would require invariance of

simultaneous reality under U 4 g, but

UIXBQ UAB = P, UI‘BPUAB = _Qa

in schematic form for conjugate variables, which preserves the commutator but
exchanges the roles of frames. Therefore absolute simultaneity of sharp values across Fy
and F'p is excluded both by operator algebra and by relativistic frame dependence.

2.10. EPR’s Assumption of Absolute Simultaneous Reality

EPR'’s central claim was that if one can predict with certainty the value of an observable
B of particle (IT) based on a measurement of observable A of particle (I), then B
must correspond to an “element of reality.” They further argued that since one could
equally well choose to measure a non-commuting observable A’ on particle (I), thereby
predicting a different non-commuting observable B’ on particle (IT), both B and B’ must
simultaneously be elements of reality. This conclusion contradicts their own criteria
of reality of an observable as well as the standard quantum mechanical theorem that
non-commuting observables cannot have simultaneous sharp values.

Formally, let A and B be non-commuting operators: [A, B] # 0. EPR’s logic implies

the existence of a state |¢) such that

Aly) =aly),  Blp) =0bly),

which is impossible unless [A, B] = 0. The contradiction arises because EPR treated
“prediction” (conditional inference) as equivalent to “measurement” (projection in a given

frame).

2.11. Expansion of the Bipartite State

EPR considered two systems (particles I and II) with joint wavefunction W (1, z2).

They wrote two expansions:
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In basis {u, (x1)} of eigenfunctions of operator A: W(x1,x2) = ), ¥n(r2) un(x1).

In basis {vs(x1)} of eigenfunctions of operator B:W(x1,22) = >, @s(x2) vs(1).

Here, ¢, (x2) and ¢4 (z2) are the conditional states of particle II, depending on the basis
chosen for particle .

Momentum representation. For the continuous momentum spectrum, with u,(z1) =

i
e P"1 we have

U(w1,22) = /wp(:vz)up(m)dp,

i
with ¢, (22) = ¢~ 7 (*27%UP This is an eigenfunction of the momentum operator
L 0
Pp=—ihg -, Pap(r2) = —pihp(22).
T2
Position representation. For the position basis, v, (z1) = §(x1 — ), we have

U(zy,x0) = /apz(xg)vz(ml) dzx,
with ¢, (z2) = hd(x — z2 + x0). This is an eigenfunction of the position operator
Q2 = w2, Q2x(x2) = (T + 20) Pu(T2)-

Thus, the same bipartite state can be expanded in two orthogonal bases, corresponding
to non-commuting observables.

2.12. Entangled Pairs as a Single Conserved System

Let particles (I) and (IT) be described by Hilbert spaces Hy and Hyy. For independent
particles, the joint state is a simple tensor product:

|U) = (o Jur) + azfug) ) @ (B |v1) + B2 |va) ).

Expanding:

|¥) = a1B1 |u1) @ [v1) + a1Ba [ur) @ [v2) + 2B [ug) @ [v1) + a2Ba [ug) @ [va) .

For entangled particles, conservation laws (e.g. total spin zero) enforce correlations
such that the cross terms vanish. The system behaves as a single closed entity with only

correlated outcomes permitted:
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[Wene) = c1 |u1) @ |v1) + ez |ug) @ [v2) .

This is the singlet-like structure: the two subsystems cannot be assigned independent

states; they are inseparable components of one conserved system.

2.13. Operator-Based Factorization

Ordinarily, the state above is considered “non-factorizable.” But if we allow

operator-valued coefficients, factorization becomes possible. Let

ay =0y, =0y, [1=0y P2=o0y,

0 1 0 —
Op = , oy =|. .
1 0 1 0

Theno} =0, =1, [0z, 0y] = 0.

with Pauli matrices

Substituting:

|U) = ai lu1) @ |v1) + 05 luz) ® |va) ,

so that

W) = (Um lu1) + oy \u2>) ® (Um |v1) + oy |v2) )

Thus, the entangled state can be written in a factorized form when operator-valued
coefficients are used. The inseparability is not absolute; it reflects the algebraic structure

of the operators.

Theorem 2.1 (Pauli Operator Factorization of Two-Qubit Entangled States). Let |V) €
Ho @ Hao be a pure entangled state of two qubits. Then |V) can be expressed in factorized

form

W) = (Um lu1) + oy ‘“2>) ® (Uz [v1) + oy [v2) )a

for some {|u;)}, {|vi)} € Ha, where 0,0, are Pauli matrices. This representation

preserves orthogonality, linearity, and conservation of total spin.
Proof Sketch.

1. Any two-qubit pure state admits a Schmidt decomposition

’\I/> =\ |U1> ® "U1> + A2 |u2> ® ’U2> )
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with A; € C, Y, A2 = 1.

2. Replace scalar coefficients \; with operator-valued coefficients drawn from the Pauli
algebra, e.g. 0y, 0y, which satisfy 02 = o7 = I and [0, 0] = 0.

3. This yields

W) = a?c lu1) @ |v1) + O'Z [u2) ® |va)

which factorizes as

W) = (02 [u1) + 0y [ug)) @ (02 [v1) + 0y [v2)).

4. Orthogonality of {|u;)},{|v;)} is preserved by the unitarity of Pauli matrices.
Linearity follows from the distributive law of tensor products. Conservation of
total spin is enforced because the Pauli matrices generate the su(2) algebra, which

encodes angular momentum conservation.

Thus, any two-qubit entangled state admits an operator-based factorization within the Pauli
algebra, showing that inseparability is conditional on restricting coefficients to scalars. [J

Note on Operator Separation and Rigor

Our Pauli-matrix operator separation provides a structural resolution of what is
presently regarded as an intractable problem: the inseparability of entangled systems.
Within the conventional scalar-coefficient framework, entangled states cannot be
decomposed into independent pure states. However, when the implicit algebraic laws of
Hilbert space are fully respected—namely orthogonality, linearity, and conservation—a
different picture emerges.

By allowing operator-valued coefficients (Pauli matrices) in the factorization, we
demonstrate that entangled systems can be represented as separate pure states only within
the structural context of Hilbert space itself. This does not violate the Schmidt theorem,
but rather reframes inseparability as a consequence of restricting coefficients to scalars.
Without the structural enforcement of orthogonality, linearity, and conservation, the states
of entangled systems remain inseparable. With these laws reinstated, separability is
restored in a precisely defined operator sense.

For completeness, we emphasize the mathematical assumptions underlying our Pauli
matrix operator separation of entangled states. Let H = C? ® C? denote the bipartite
Hilbert space of two qubits. The Pauli matrices {o,,0,,0.} are bounded, self-adjoint
operators acting irreducibly on C2. By the spectral theorem [7], each Pauli operator admits
a complete orthonormal eigenbasis, and tensor products of such bases generate the full
Hilbert space H.
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Our separation theorem shows that for any entangled state |1)) € H, there exists a
decomposition into tensor factors aligned with Pauli operator eigenbases. This construction
is canonical up to unitary equivalence: uniqueness follows from the Schmidt decomposition
[11,37], which guarantees that bipartite states admit a singular-value representation with
orthogonal local bases. Thus, the Pauli operator separation is not merely convenient but
structurally enforced by the operator algebra of C2.

From the perspective of operator algebras, the Pauli matrices generate the full matrix
algebra M5 (C), and hence their tensor products generate Mo (C) ® Mo (C) = My(C). This
is a factor in the sense of von Neumann algebras [35,36], ensuring that entangled states can
be analyzed entirely within the framework of finite-dimensional operator algebras. The
separation is therefore rigorous, unique up to local unitaries, and consistent with standard

entanglement measures.

In summary, the applicability of Pauli matrix operator separation rests on three pillars:
(i) the spectral theorem for bounded self-adjoint operators, (ii) the Schmidt decomposition
for bipartite Hilbert spaces, and (iii) the structure theory of operator algebras. Together

these provide a mathematically rigorous foundation for our treatment of entangled states.

2.14. Comparison with Schmidt Decomposition

The standard Schmidt decomposition[11] expresses a bipartite pure state as

@) = ZM lui) ® |vi)

with scalar coefficients );. In this framework, inseparability is guaranteed unless only
one \; is nonzero.

Our operator-based factorization does not contradict Schmidt’s theorem; rather, it
highlights that inseparability is a consequence of restricting coefficients to scalars. When
operator-valued coefficients are admitted, the same correlations can be represented in a
formally factorized way. This emphasizes that entanglement is an algebraic structure, not
a mystical property.

2.15. Our Proposed Resolution of the EPR Paradox

* EPR’s error: EPR’s logical error arises from conflating predictive assignment
(conditioned on a measurement performed in one frame) with a simultaneous
measurement in the same frame. They also assumed particles (I) and (II) remain
independent after entanglement. In fact, once entangled, the pair is a single

conserved system (See section 2.2).
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* Frame Dependence and Orthogonality Condition: Only one of the conjugate
observables can be measured with certainty in a given frame. The other is
indeterminate, enforced by operator algebra. The Hidden Variables are the quantum
mechanical laws and the implicit algebraic laws of Hilbert space. These are two
mutually exclusive experimental contexts, corresponding to orthogonal frames. (See
Section 2.6).

* Operator Structure Factorization: Entangled states can be expressed in factorized
form when the correct operator structure (Pauli matrices, metric tensors) is applied.

Inseparability is structural, not mystical (See section : 2.13).

* Relative Simultanity: Absolute simultaneity of sharp values across F4 and F'p is
excluded both by operator algebra and by relativistic frame dependence (See section:
2.8)

3. Bell’s Theorem[2] and Structural Breakdown of Bell’s Inequality

3.1. Bell’s Inequality in Operator Form

Bell considered measurement outcomes A(@, ), B(b,\) € {#1} depending on local
settings @, b and hidden parameter A. The correlation is
E(d,b) = / dX p(\) A(@, \)B(b, \).

From this, he derived the inequality

|E(@,b) — B(@,&)| <1+ E(,0).

This is the canonical Bell inequality.

3.2. The Quantum Mechanical Setup

Consider an unstable nucleus decaying into an electron—positron pair, emitted
back-to-back. Conservation of angular momentum requires that if the initial spin is zero,
the two-particle system remains a closed, conserved singlet state. In the z-basis, the state

18:

[¥) = 5 (let) [p=) = le=) [p+) ).

If Alice measures the spin of the electron along direction @, and Bob measures the spin
of the positron along direction b, the quantum mechanical prediction for the correlation is:
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—. —.

Equ(@,b) = (4] (61 - @)(d2 - b) |¢)) = —a@ - b.

This result is exact, derived from the algebra of Pauli matrices and the singlet state.

3.3. Conditional Probabilities in Quantum Mechanics

Suppose Alice measures along @ and obtains +1. Then Bob’s conditional state is |—da).

If Bob measures along b, the probability of obtaining +1 is:

- 0
+b| — c_i> ? = sin2<2) :

Pp(+|b,A=+) = | <+5| —a

where 6 is the angle between @ and b.
Similarly,

Pp(—|b, A = 4) = cos® (g) :

Thus, the expectation value is:
(oaoB) = 3 (sinQ(g) - COSQ(g)) = —2cosd.
After normalization to eigenvalues 31, this yields the standard quantum result:

-,

Egum(a,b) = —cosb.
3.4. Bell’s Variable A\ Substitution for o :

Bell introduced hidden variables A, with outcomes modeled as deterministic functions:

A@@ N ==+1, B\ = =£1.

The correlation is then defined as:

E(a@,b) = / dX p(\) A(@,\)B(b, \).
For a uniform distribution of A\ over a hemisphere, Bell obtained:

E(d,b) = —1+ 20

7T
This is a linear function of the angle 6, in contrast to the quantum cosine law [16].



International Journal of Quantum Foundations 12 (2026) 43

3.5. The Structural Error in Bell’s Mathematical Analysis:

The crucial point is that Bell replaced eigenfunctions of the spin operators o (Pauli
matrices acting on Hilbert space vectors) with arbitrary scalar functions A. Eigenfunctions

obey:
* Linearity: U(« |u) + 8 |v)) = aU |u) + U |v).
* Orthogonality: (u|v|u|v) = 0 for distinct eigenstates.
* Conservation: Correlations enforced by the singlet structure.

Scalar functions \ lack these properties. They do not transform linearly under rotations,
nor do they encode orthogonality. As a result, the correlations (inequalities) derived from

A are structurally incapable of reproducing the cosine law of quantum mechanics.

3.6. Why Bell’s Inequality Fails

Bell’s inequality is derived from the assumption that correlations can be expressed as

averages over scalar hidden variables:

E(@,b) = / dX\ p(\) A(@, \)B(b, \).

But because ) is not an eigenfunction, the resulting correlation function is constrained
to be piecewise linear in 6, not sinusoidal. This is why Bell’s inequality is violated
by quantum predictions: not because hidden variables are impossible, but because the
substitution of eigenfunctions ¢ with non-eigenfunction A destroys the structural laws of

quantum mechanics.

3.7. Reinterpretation of “Hidden Variables”

The so-called “hidden variables” are not additional parameters beyond quantum

mechanics. They are the implicit structural laws already present:
* Orthogonality of eigenfunctions.
* Linearity of superposition.
* Conservation laws of closed systems.

When these are respected, the wavefunction provides a complete description of reality.
Bell’s inconsistency arises precisely because his A\-functions lack these properties.
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3.8. Quantum Mechanical Expectation Value

For the singlet state, the quantum mechanical correlation is

=, =,

Eoum(@,b) = (| (61 - @)(2 - b) [¢)) = —@ - b.

If 6 is the angle between @ and b, then

-,

Equm(d,b) = —cos#.

This sinusoidal dependence is a direct consequence of the eigenfunction structure of the

Pauli matrices and the rotational invariance of the singlet state.

3.9. Bell’s Scalar Model

Bell’s scalar hidden variable model yields instead

- 26

This is a piecewise linear function of 6. It agrees with quantum mechanics only at:

B=0: Eou=-1, Ey=—1,
0=m/2: Egu =0, Ex=0,

0=m: EQM:+1,E)\:+1.

At all other angles, the two predictions diverge.

3.10. Orthogonality Condition

The agreement at § = 0 and § = m/2 corresponds precisely to orthogonal
configurations — pure states where eigenfunctions are well-defined. At these angles, the
orthogonality condition ensures that the scalar model accidentally reproduces the quantum
result. But for non-orthogonal angles (e.g. § = 45°,65°), the scalar model fails because it
allows mixed states that are not eigenfunctions.

Formally, for eigenfunctions |u) , [v):

(ulv|ulv) =0 ifd-b=0.

But for arbitrary scalar functions A, no such orthogonality holds. Thus, Bell’s model
permits correlations that violate the conservation and orthogonality laws of quantum
mechanics.
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3.11. Explicit Inequality Breakdown

Let us test Bell’s inequality with the quantum prediction. Choose a, 5, C such that:

a-b=cosb, a-c=cosb, b-c=cos26.

Quantum mechanics gives:

-, -

Equm(d,b) = —cosé, Equm(a,c) = —cosé, Eqgum(b,¢) = —cos 26.

Then the left-hand side of Bell’s inequality is

-,

|Equ(d,b) — Equ(a, ¢)| = 0,

while the right-hand side is

1+ EQM(Z;,E) =1 —cos26.
This inequality is always satisfied. But if we choose different angles (e.g. 8 = 30°), the
Clauser—Horne—Shimony—Holt CHSH [17] form of Bell’s inequality is violated[15].
The CHSH version of Bell’s inequality is:
-2 < S(@,d,bb) < 2,
with

S = E(@,b) + E@V)+ E(@,b) — E@,b).

—.

Here F(a, b) is the correlation function between outcomes at settings @ and b.

S = |E@@.b) + E(@V) + E(@,b) - E@,V)|.

Quantum mechanics predicts Sy = 21/2, while Bell’s scalar model constrains Sy <

3.12. The True Source of Inconsistency

The inconsistency is not due to the non-existence of hidden variables per se, but due to

the fact that Bell’s A-functions are not eigenfunctions. They lack:
* Orthogonality: no guarantee that (\;|Aj|\;|A;) = 0.

* Linearity: no superposition principle.
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* Conservation: no enforcement of total spin zero.

Thus, Bell’s inequality is structurally incapable of reproducing quantum correlations.
The so-called “hidden variables” are in fact the implicit quantum mechanical laws of

eigenfunctions.

4. Aspect’s Experiment and the Empirical Test of Bell’s Inequality

4.1. Experimental Setup

Alain Aspect and collaborators (1981-82)[16] designed experiments to test Bell’s
inequality using entangled photon pairs produced in a cascade decay. The photons were
entangled in polarization. Two polarizers, oriented at angles @ and b, analyzed the
polarization of each photon. Detectors recorded the outcomes.

To close the “locality loophole,” Aspect introduced time-varying analyzers: the
orientation of each polarizer was switched rapidly (on the order of 10 ns), faster than the
light travel time between the two detectors (~ 40 ns). Thus, no subluminal signal could
coordinate the outcomes.

Aspect et al. (1982) first decisive experimental violation of Bell’s inequality with
entangled photons, supports our claim that the quantum cosine law holds, not Bell’s linear

model. Directly relevant to our discussion of sinusoidal vs. linear correlations.

4.2. Quantum Mechanical Predictions

For entangled photons in the singlet-like polarization state [18] , the joint detection
probabilities are:

The correlation coefficient is then:

-,

E(a,b)=P.y+P__—-P,._—P_,.
Substituting:

-, -,

Equm(ad,b) = cos2(d—b).
Special cases:

* For parallel polarizers (@ = 5): Equm(0) = 1, i.e. perfect correlation.
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« For orthogonal polarizers (@ — b = 90°): Eom(90°) = -1, ie. perfect

anticorrelation.

4.3. Experimental Results

Aspect measured correlations at various angles and computed S. Quantum mechanics

predicts:

SQM = 2\/§ ~ 2.828,

for optimal settings (@ = 0°, @ = 45°, b = 22.5°, b/ = 67.5°). Bell’s inequality
constrains: |S| < 2.

Aspect’s experimental results[16] yielded values of S consistent with the quantum
prediction and significantly exceeding 2. No evidence of hidden-variable correlations was

observed.

4.4. Structural Interpretation

From our perspective, the key point is this:

The agreement between Bell’s inequality and quantum mechanics at orthogonal angles
(0°,90°) arises because these correspond to pure eigenstates, where orthogonality is
preserved.

The disagreement at intermediate angles arises because Bell’s scalar A-functions are
not eigenfunctions. They cannot reproduce the sinusoidal dependence cos 26, only a linear
dependence.

Thus, Aspect’s experiment did not merely “rule out hidden variables.” It demonstrated
that any model replacing eigenfunctions with scalar functions lacking orthogonality will
fail. The so-called “hidden variables” are nothing more than the implicit structural laws of

quantum mechanics: orthogonality, linearity, and conservation.

4.5. Collapse and Relative Simultaneity

In Aspect’s experiment [16], when one photon is measured, the wavefunction collapses
into a definite polarization state. The other photon’s outcome is then fixed by conservation
laws. This is not “spooky action at a distance,’[20] but the manifestation of relative
simultaneity [21]:

* In one frame, Alice measures first, and Bob’s outcome is predicted.

* In another frame, Bob measures first, and Alice’s outcome is predicted.
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Both descriptions are consistent because the entangled pair is a single conserved system.
The correlations are enforced by the orthogonality of eigenfunctions. Aspect performed an
Empirical Bell Test with fast random switching of polarizer settings, enforcing Einstein
locality[1]. Confirms our point: correlations are enforced by operator algebra [35], not

superluminal signals[2,3], or any other means.

5. Comparative Analysis with Modern Interpretations

Our operator-based factorization framework situates itself within the broader landscape
of modern interpretations of quantum mechanics. In this section we compare our approach
with three influential perspectives: Rovelli’s relational quantum mechanics, Spekkens’

contextuality framework, and QBism.

5.1. Relational Quantum Mechanics (Rovelli)

Rovelli’s relational quantum mechanics (RQM) [32] emphasizes that the quantum
state is not an absolute property of a system, but is always relative to another system
(the observer). This view rejects the notion of observer-independent states and instead
treats measurement outcomes as relational facts. Relational Quantum Mechanics (Rovelli)
critiques observer-independent states. This supports our claim that simultaneity is relative
to measurement frames. Our framework shares with RQM the rejection of absolute
simultaneity of sharp values. However, we go further by providing a concrete algebraic
mechanism: the impossibility of simultaneous eigenstates of non-commuting operators,
and the restoration of separability when operator-valued coefficients are admitted. Thus,

while RQM is interpretive, our approach is structural and theorem-based.

5.2. Contextuality (Spekkens)

Spekkens’ contextuality framework [33] demonstrates that quantum predictions cannot
be explained by non-contextual hidden variable models. Measurement outcomes depend
on the context of the measurement, not just on the system’s state. Spekkens’ contextuality
shows outcomes depend on context. Our framework grounds this in Hilbert space structure.
Our operator-based factorization provides a structural explanation of this contextuality.
Orthogonality and conservation laws enforce that outcomes are frame-dependent. The
Pauli algebra ensures that correlations are preserved across contexts, while forbidding
simultaneous sharp values of non-commuting observables. Thus, contextuality is not an

added principle but a direct consequence of Hilbert space structure.

5.3. QBism (Fuchs, Mermin, Schack)
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QBism [34] interprets the quantum state as a subjective belief state of an agent, used
to assign probabilities to future experiences. It rejects the idea of the wavefunction as an
objective property of a system. QBism treats states as subjective beliefs. While distinct,
it shares with us the rejection of absolute states. Our framework differs fundamentally:
we treat the wavefunction as an objective algebraic structure, governed by orthogonality,
linearity, and conservation. Yet there is a point of contact: both QBism and our approach
reject the notion of absolute, observer-independent simultaneity. Where QBism emphasizes

subjective probability, we emphasize operator algebra.

5.4. Comparison and Synthesis

In summary:
* RQM emphasizes relationality; we provide a structural mechanism for it.
» Spekkens emphasizes contextuality; we show it arises from operator algebra.

* QBism emphasizes subjectivity; we reject subjectivity but agree that absolute states
are untenable.

Our operator-based factorization thus extends these frameworks by grounding their
insights in the algebraic laws of Hilbert space, providing a concrete algebraic mechanism
for conditional separability. Entanglement is not a mystery but a structural feature:
inseparability is conditional on scalar coefficients, while separability is restored with

operator-valued coefficients.

6. Conclusion

6.1. Randomness and Correlation

Quantum mechanics predicts that each individual measurement outcome is random, but
the outcomes of entangled pairs are strongly correlated. For a singlet state, the correlation
function is Eg(d, l;) = —d-b = —cosf, where 0 is the angle between measurement
directions. This sinusoidal law arises directly from the algebra of Pauli matrices and the
orthogonality of eigenfunctions.

6.2. Orthogonality and the Uncertainty Principle

The orthogonality condition implies that if an observer measures one member of a
non-commuting pair with certainty, the conjugate observable is indeterminate. This is

the Heisenberg uncertainty principle AA - AB > 1 |([A, B])|. Thus, simultaneous
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sharp values of non-commuting observables are forbidden. EPR’s demand for absolute
simultaneity of reality was a logical error: they conflated prediction (conditional certainty)

with measurement (projection in a given frame).

6.3. Relative Simultaneity

Two observers in orthogonal frames (e.g. position vs. momentum) cannot both measure
non-commuting observables with certainty. This is analogous to special relativity, where
simultaneity is relative: ¢ = fy( — Z—%) Quantum mechanics inherits this relativity:
simultaneity of measurement outcomes is frame-dependent. The paradox dissolves once

absolute simultaneity is rejected.

6.4. Entangled Pairs as Conserved Systems

Entangled particles behave as a single closed, conserved system. Their joint state is
pure, not mixed. Using operator-valued coefficients (Pauli matrices), we showed that the
apparently inseparable state |¥) = |u1) ® |v1) + |u2) ® |v2) can be factorized: |¥) =
(02 [u1) + oy |u2) ) @ (04 [v1) + 0y |v2) ), With cross terms vanishing due to orthogonality.

Thus, entanglement is an algebraic structure, not mystical inseparability.

6.5. Bell’s Structural Error

Bell replaced eigenfunctions o1, oo with scalar functions \. These lack:

Orthogonality: no guarantee of (\;|\;) = 0.

Linearity: no superposition principle.Conservation: no enforcement of total spin zero.

As a result, Bell’s correlation function E)(0) = —1 + 2?9 is linear, not sinusoidal. It
agrees with quantum mechanics only at orthogonal angles (0°,90°, 180°), and diverges
elsewhere. The violation of Bell’s inequality in experiments is therefore not evidence
against completeness, but evidence that A is not an eigenfunction.

6.6. Aspect’s Confirmation

—.

Aspect’s experiments measured correlations consistent with Egps (@, b) = cos 2(d@ — b),
and violated Bell’s inequality. This confirmed that the structural laws of quantum
mechanics — orthogonality, linearity, conservation — govern entangled systems.
No superluminal influence is required; correlations are enforced by the algebra of

eigenfunctions and the principle of relative simultaneity.

6.7. Relation to Ballentine’s Ensemble Interpretation
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Ballentine’s Quantum Mechanics: A Modern Development (World Scientific, 1998) [8]
provides one of the most rigorous expositions of the statistical or ensemble interpretation
of quantum mechanics. In this view, the wavefunction W does not describe the ontic state
of an individual particle, but rather the statistical properties of an ensemble of similarly
prepared systems. This perspective has direct relevance to the EPR paradox and to our

operator-based framework.

Rejection of Simultaneous Sharp Values. Ballentine emphasizes that non-commuting
observables cannot possess simultaneous sharp values. EPR’s assumption that prediction
of (2 from a measurement of P; implies the simultaneous reality of both is, in his analysis,
a category error. This aligns with our demonstration that prediction and measurement must

be distinguished formally, e.g. through POVMs and PVMs acting on different subsystems.

Statistical Nature of the Wavefunction. In Ballentine’s ensemble interpretation, the
wavefunction encodes probability distributions over measurement outcomes, not hidden
variables or underlying realities. Our operator-based factorization extends this insight:
the bipartite expansions in momentum and position bases are ensemble descriptions, not

simultaneous eigenstates. The paradox dissolves once this distinction is maintained.

Bell’s Theorem. Ballentine interprets the violation of Bell inequalities as evidence
against local hidden-variable theories, but not as proof of nonlocal causation. Instead,
the violations reflect the structural correlations inherent in Hilbert space. Our framework
makes this structural origin explicit: the correlations arise from the su(2) algebra of Pauli

operators, and are preserved even in operator-factorized form.

Extension by Operator-Based Factorization. While Ballentine stops at the interpretive
level, our contribution is to formalize his stance with a theorem: any two-qubit entangled
state can be factorized with operator-valued coefficients. This shows that inseparability
is conditional on scalar representation, and that separability can be restored algebraically
without undermining the correlations. In this way, our work builds directly on Ballentine’s

ensemble interpretation, but provides a structural and theorem-based extension.

In summary, Ballentine’s ensemble interpretation provides the philosophical foundation
for rejecting absolute simultaneous reality and hidden variables. Our operator-based
factorization framework extends this foundation by supplying the algebraic mechanism

that realizes his interpretive stance within the formal structure of Hilbert space.
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6.8. Final Synthesis

The so-called “hidden variables” are not additional parameters beyond quantum

mechanics. They are the implicit structural laws already present:
¢ Orthogonality of eigenfunctions.
* Linearity of superposition.
* Conservation laws of closed systems.

When these are respected, the wavefunction provides a complete description of physical
reality. EPR’s paradox arose from conflating prediction with measurement and assuming
absolute simultaneity. Bell’s inconsistency arose from replacing eigenfunctions with
non-eigenfunction A-functions. Aspect’s experiments confirmed the quantum predictions.

Thus, quantum mechanics is complete when “completeness” is defined in accordance
with relative simultaneity, not absolute simultaneity. The wavefunction satisfies both the
EPR criterion of reality and the relativistic requirement of frame dependence. The paradox
is resolved, and the structural unity of quantum mechanics and relativity is restored.

Hensen et al. (2015) First loophole-free Bell test (closing both locality and detection
loopholes). Confirms that the wavefunction is complete when orthogonality, linearity, and
conservation are respected. Shalm et al. (2015) and Giustina et al. (2015) Independent
loophole-free Bell tests with entangled photons. Both confirmed violation of Bell
inequalities with high statistical significance. These are the final empirical confirmation

of our synthesis.

6.9. Technological Implications and Outlook

Our operator-based resolution of the EPR paradox and Bell’s theorem is not merely
of foundational interest; it has direct implications for the design and scaling of quantum
technologies. Recent progress across communication, computing, metrology, and
certification highlights how structural understanding of entanglement can guide practical

advances.

Quantum Communication. Entanglement-based protocols such as quantum key
distribution (QKD) and quantum repeaters rely on the structural correlations of Hilbert
space. Recent demonstrations of long-distance coherent quantum communication in
deployed fiber networks [19] and the first cross-border measurement-device-independent
QKD link in Europe [22] show that scalable quantum internet infrastructure is emerging.
Our framework strengthens the theoretical basis for these developments by clarifying that

security derives from algebraic necessity, not hidden variables.
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Quantum Computing and Error Correction. Operator-based factorization suggests
new ways to represent entangled states compactly.  This resonates with current
breakthroughs in distributed quantum error correction, which chart a path toward modular,
fault-tolerant architectures [23]. Collaborations between hardware and classical accelerator
platforms (e.g. IQM and NVIDIA) are enabling real-time error correction at scale [24].
These advances address the central challenge of scalability, and our structural approach
provides a rigorous algebraic framework for encoding and manipulating entanglement as a

resource.

Quantum Metrology and Sensing. The cosine and dot-product correlation laws
that emerge from our framework are precisely those exploited in entangled sensors.
Recent work has shown entanglement-enhanced metrology with neutral atom arrays [25]
and multiparameter estimation with entangled atomic ensembles [26]. These results
demonstrate that structural correlations can push precision beyond the standard quantum
limit, approaching the Heisenberg limit. Our framework predicts that such enhancements

are universal consequences of su(2) symmetry.

Device Certification and Standards. If entanglement is a structural feature of Hilbert
space, then device verification can be reframed as checking algebraic constraints rather
than relying solely on statistical Bell tests. This perspective aligns with emerging
standardization efforts in Europe and the U.S. [27,28], which aim to establish certification
protocols for quantum devices and infrastructures. Our operator-based factorization
provides a rigorous theoretical foundation for such standards.

Future Directions: Qudits and Beyond. Extending operator-based factorization to
higher-dimensional Hilbert spaces using generalized Pauli or Gell-Mann matrices may
open the way to qudit-based quantum computers. Recent proposals for measurement-based
quantum computing with qudit stabilizer states [29] and experimental demonstrations of
multi-level superconducting circuits [30] show that the field is moving beyond binary
qubits. Our framework suggests that the same structural correlations will govern these

higher-dimensional systems, offering a roadmap for scalable, high-density architectures.

In summary, our framework not only resolves foundational paradoxes but also offers a
roadmap for technological progress. By grounding entanglement in the algebraic structure
of Hilbert space, we provide conceptual clarity and practical guidance for the development

of secure, scalable, and reliable quantum technologies.

6.10. Appendix A; Spectral Theorem
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The spectral theorem states that any self-adjoint operator A on a Hilbert space  can be

represented as

A= / AdE(N),
o (A)

where o (A) is the spectrum of A and E()\) is a projection-valued measure (PVM).
Physical meaning: Every observable corresponds to a self-adjoint operator, and the
spectral theorem guarantees that it can be “diagonalized” in terms of its eigenvalues
and eigenvectors (discrete spectrum) or generalized eigenfunctions (continuous spectrum).

This provides the rigorous foundation for measurement in quantum mechanics.
6.10.1. Overlap Relation Between Position and Momentum Bases

The eigenstates of position () and momentum P are related by the Fourier kernel:

1 A
z|p) = ——— ePr/h,
vl = omr

Consequences:
e Orthogonality: (z|2') = é(x — 2'), (p|p’) = d(p — P).
* Completeness: [ |z)(z|dz =1, [ |p)(p|dp = I.

This overlap relation encodes the fact that the position and momentum representations

are connected by a Fourier transform.
6.10.2. Unitary Map H, — H,

Define the position-space Hilbert space H, = L?(R,dz) and the momentum-space
Hilbert space H,, = L?(R, dp). The Fourier transform

Y(p) =

—sz/h d
TW P(x) da

isaunitary map U : H, — H,.
Unitarity check:

R R

—00 —0o0

6.10.3. POVMs vs. PVMs

Projection-Valued Measures (PVMs): An ideal measurement is represented by a set
of orthogonal projectors { E; } such that
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7

E} =E;, EE;=0;E, Y E=1I
%

Positive Operator-Valued Measures (POVMs): A generalized measurement is

represented by a set of positive operators { M/;} such that

M0, Y Mi=1I,
)

but the M; need not be orthogonal projectors. POVMs describe realistic measurements

with finite resolution, noise, or unsharp observables.

Relation: Every POVM can be realized as a PVM on a larger Hilbert space (Naimark’s

dilation theorem).

Thus, probability is conserved between the two representations.
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