@ International Journal of Quantum Foundations 10 (2024) 1-25 @

Original Paper

A model of wave function collapse in a quantum
measurement of spin as the Schrodinger equation solution
of a system with a simple harmonic oscillator in a bath

Li Hua Yu

Brookhaven National Laboratory, USA
E-mail: Thyu@bnl.gov

Received: 29 May 2023 / Accepted: 9 December 2023 / Published: 31 December 2023

Abstract: We present a set of exact system solutions to a model we developed
to study wave function collapse in the quantum spin measurement process.
Specifically, we calculated the wave function evolution for a simple harmonic
oscillator of spin %, with its magnetic moment in interaction with a magnetic
field, coupled to an environment that is a bath of harmonic oscillators. The
system’s time evolution is described by the direct product of two independent
Hilbert spaces: one that is defined by an effective Hamiltonian, which
represents a damped simple harmonic oscillator with its potential well divided
into two, based on the spin and the other that represents the effect of the bath,
i.e., the Brownian motion. The initial states of this set of wave functions form
an orthonormal basis, defined as the eigenstates of the system. If the system
is initially in one of these states, the final result is predetermined, i.e., the
measurement is deterministic. If the bath is initially in the ground state,and
the wave function is initially a wave packet at the origin, it collapses into one
of the two potential wells depending on the initial spin. If the initial spin
is a vector in the Bloch sphere not parallel to the magnetic field, the final
distribution among the two potential wells is given by the Born rule applied to
the initial spin state with the well-known ground state width. Hence, the result
is also predetermined. We discuss its implications to the Bell theorem[1]. We
end with a summary of the implications for the understanding of the statistical

interpretation of quantum mechanics.
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1. Introduction

The quantum measurement problem is related to the foundations of quantum mechanics.
In particular, the collapse of the wave function during quantum measurement is crucial to
the understanding of quantum mechanics. ”The inability to observe such a collapse directly
has given rise to different interpretations of quantum mechanics”[2]. We have chosen to use
a model for the quantum measurement process to clarify the collapse of the wave function.

To study the collapse of the wave function, we are interested in the simplest example of
a dissipative system. Such a system, i.e., a harmonic oscillator coupled to an environment,
which is a bath of harmonic oscillators, has been the subject of extensive studies [3—19].
A special case of this system, the Ohmic case discussed by Caldeira and Leggett (to be
defined later), is exactly solved using the path-integral with the density matrix diagonalized
in [3-5], which indicates a wave function collapse. Following these works, we solved the
wave function evolution directly in this special case as the solution of the Schrodinger
equation[20], where even though we did not focus on the description of the wave function
collapse, it is obvious in the solution.

In this paper, for the Ohmic case of the system, we shall focus on the wave function
collapse and introduce spin % into the simple harmonic oscillator, with its magnetic moment
interacting with a magnetic field aligned to the axis of the oscillation in a direction z. The
bath of harmonic oscillators serves as a model of a detector. The potential well of the
simple harmonic oscillator is split into two potential wells according to whether the spin is
in +z or —z direction. Thus, this models a spin measurement process.

We consider the problem the same as discussed by Caldeira and Leggett (CL) [3] and
[20], except that in this case the main oscillator has spin: a harmonic-oscillator system (the
dissipative system) with coordinate ¢ on z axis, mass M, and frequency (wg + Awg)%
, interacting with a bath of /N harmonic oscillators of coordinates x;, mass m;, and
frequency w;, where Aw? is a shift induced by the coupling already discussed by CL.
The Hamiltonian of the system and the bath is

2
p ol
H = m+2M(wo+Aw )¢? —MBaqurq;ngﬁJZl( ; +2mjwf2$?>
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R CA PR (3 N 1)

The interaction of the spin %0 dipole moment with the magnetic field contributes to the
term —M Bo,q, where z is the projection of the Pauli matrix o on z and v is the main
oscillator’s wave function. The simple harmonic oscillator’s potential well is divided into

two potential wells based on the spin.
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Here, we outline the solution to this problem with examples and a possible
interpretation:

In Section 1, despite the addition of the new term —M Bo . q to the previous Hamiltonian
in [20], we show that this system can be solved almost exactly the same way. The system’s
time evolution is described by the direct product of two independent Hilbert spaces. One of
them is defined by an effective Hamiltonian, which represents a damped simple harmonic
oscillator with two split potential wells due to spin, and the other represents the effect of
the bath, i.e., the Brownian motion.

We present a set of exact solutions of the system that all collapse to a d-function centered
at a specified position and time depending on whether the spin eigenstate is parallel or
opposite to the magnetic field, with a small displacement determined by the eigenstates of
each bath oscillators. The initial states of this set of wave functions form an orthonormal
basis in the Hilbert space of the system, which is defined as the “eigenstates of the system.”
Hence, if the system is initially in one of these states, the final result is predetermined, i.e.,
the measurement is deterministic.

In Section 2, if the system is initially a superposition of these states, the final distribution
is a superposition of J-functions for a sufficiently long time after the damping time.
Each has a probability amplitude determined by the corresponding eigenstate’s probability
amplitude in the initial state at time ¢ = 0 , with the center position determined by
the spin eigenstate of the main oscillator and the contribution from each bath oscillator
x;. Once the distribution is determined from the initial state by the Born rule, the final
distribution is also predetermined. As a result, we only need to apply quantum mechanics’
statistical interpretation to the initial state; the final distribution is already determined by
the Schrédinger equation.

One of the examples we shall discuss is the special case where the initial states of the
bath oscillators are in their ground states at absolute temperature zero. In this case, the
initial state of the bath is not an “eigenstate of the system,” as we defined it above, but a
superposition of the “eigenstates of the system,” even though it is in the ground state (we
remark here that the system is initially not in equilibrium even though the bath is in the
ground state). The main harmonic oscillator is assumed to be initially a wave packet at the
origin, i.e., in the middle between the two split potential wells. If the initial spin state is
+), the final state would be

at the bottom of one of the two potential wells, that is, the one with z > 0, with a narrow

one of the two eigenstates of the main oscillator, for example,

spread due to the contributions from the bath oscillators which is the Brownian width. We
find the width approximately agrees with the well-known width of the ground state for the
simple harmonic oscillator if the damping time is much longer than its period.

In Section 3, we discuss another example where the initial spin state is a vector in the
Bloch sphere not parallel to the magnetic field, i.e., it is the eigenstate of oy where 0 is the

angle between the vector and the z direction. In this case, even though the initial state is
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a pure state, it is not the eigenstate of the system; it is a superposition of two eigenstates
of the system. This state is not an eigenstate of the spin measurement of o, because the
magnetic field is not in the § direction. The probability of the two eigenstates is given by
the Born rule applied to the initial state, i.e., cos?() for z > 0, sin?(%) for 2 < 0, in spite
of the initial state being a pure state. We shall demonstrate that the final distribution has
two distinct peaks at the centers of the two potential wells accordingly, as shown in Fig.1.
Again, the final result is determined by the Schrodinger equation according to the initial
probability distribution.

If the bath temperature is not zero, the system is in a mixed state specified by a density
matrix p according to the Boltzmann distribution. Still, we found the result is similarly
determined by initial distribution.

In Section 4, we summarize the result and its implications in the Bell theorem. Because
the discussion is only for a specific model, the interpretation is only suggestive. Applying
the results of Sections 1, 2, and 3, we establish that the analysis of two separate spin
measurements o1 . @ and o3 . b at remote positions A and B on two entangled particles in
the Bell theorem is equivalent to the analysis of two measurements —o5 . @ and o2 « b at
time ¢ = 0 on particle 2 at the origin.

Because o3 . @ and o5 . b at time ¢ = 0 do not form a set of commuting observables, if
02+ is definite, then o5 b is uncertain. Hence the probability distribution is a consequence
of the uncertainty principle. So long as the uncertainty principle is valid, there is no hidden
variable theory to have a definite value for o2 .d and 0. b simultaneously. Therefore, there
is no need to resort to “local hidden variable theory” as J. Bell did to prove Bell inequality.
As a result, there is no “nonlocality” involved in the violation of Bell inequality when the
quantum mechanics prediction is confirmed. Because the result is predetermined by the
initial condition, the final distance of the two entangled particles in the experiment in the
Bell theorem does not affect the probability distribution as long as their spin correlation
is not destroyed by the environment before detection. Thus, the experiment’s agreement
with quantum mechanics does not provide information related to non-locality. This result
suggests a viewpoint that may aid in understanding the interpretation of Bell’s theorem.
This result also implies that the Born rule at the end of the measurement can be derived
from the Schrédinger equation as long as the Born rule is applied to the interpretation of
the initial state.

Finally, Section 5 gives a summary of the implications for the understanding of the

statistical interpretation of quantum mechanics.

2. Solution of a damped simple harmonic oscillator with spin in a bath

The dynamic equation for operators in the Heisenberg representation leads to the

following set of equations of motion:
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Mg = -Mwjq— MAw’q+ MBo, — > c;z; (1)
j

mjt; = —mjwjz-a:j -c¢iq(j=12,..,N)

Now, applying the Laplace transform [5] (the bars are our notations for the Laplace
transform, and s is the Laplace transform of time t), Eqs. (1) can be used to eliminate the

bath variables x; to obtain the equation for g,

c?

B . B - 1 sxio + Tio _
M(s*q — sqo — do) = ~Mwig — MAW* g+ MBo.— =Y ;=53 +» ———I—
(5°7 = 540 — do) “oq Wit 72 - g2 + w]2~ + m;(s? + wjz)q

2)

where qo, qo , 70, T jo are the initial values of the respective operators in the Heisenberg
representation. Assuming the number of bath oscillators is large enough so that we can
replace the sum over j by integration over wj, the coefficient of the last term can then be

separated into two terms:

Weufoff 02. . Weufoff 02. . 1
0 w} 0

m; w; m; wi (824 w?)

where p(w;) is the bath oscillator density, with an upper-frequency limit weyfofr.
Following an argument similar to the one pointed out by CL [3], the requirement that
the system becomes a damped oscillator with frequency wp and a damping rate 7 in the
classical limit, known as the "Ohmic friction" condition, leads to the following constraint:

2 M MW}
plwj) = ===~ @)
J

If the frequency renormalization constant Aw? is chosen to satisfy

Weufoff 02 . 2
p(w M
MAwW? = / o QJ)dwj = nTwcufoff
0

mj w;
Then by observing Eqs.(3,4), it can be shown that for sufficiently large weufofr > wo, the
first term of Eq.(3) represents a frequency shift %wcufoff, while the second term of Eq.(3)
leads to a damping term —nM sq, with the damping constant 7).

The frequency is shifted to wg. Then Eq.(2) is simplified, and its inverse Laplace

transform yields the quantum Langevin equation, which is valid at time ¢ > 0,:

G(t) +nd(t) + wga(t) = f(1) (5)
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with a constant magnetic force Bo, and the Brownian motion driving force

Wi

f(t) = Bo, — Z CM] (xjo cos(wjt) + &jo (6)
J

During the derivation, in order to carry out the integral in Eq.(2), we used the

requirement of the inverse Laplace transform that s must pass all the singular points from

the right side of the complex plane, and hence Re(s) > 0. Equations (5) and (6) are the

equations of a driven damped harmonic oscillator with an external force, the solution of

which is well known as a linear combination of the initial values at qo — 0.d, 4o , 0, Tjo

and a displacement o, d, where d = %:
wo

q(t) = a1(t) (g0 — 0=.d) + az(t)go + o-d + Z (zjobj1(t) + Zjobj2(t)) 7
zi(t) = a1 (t) (qo — 02d) + io(t)o.d + cua(t)do + Z (xj0Bij1(t) + Zj0Bij2(t))

. . ,u,eiut*llei’ut o e*ut_e*l’t —_ 7 . —_ N .
with a1 () = 57—, as(t) = —“—=—, p = g +wi,v = § —wiand

here w = (wg - %) 1/Qis the frequency shifted by damping. And a;(0) = 1,a2(0) =
0,a1(0) = 0,a2(0) = 1, (see Appendix I for a;(t),az(t),b;1(t),bj2(t), etc). All
formulas are correct whether w is real or imaginary. We have redefined the initial time
as t = 04 to avoid a minor detail of the initial-value problem. The explicit expressions for
aio(t), au1(t), aua(t), Biji(t), Bijz(t) are well known in basic physics.

We emphasize that the use of the Laplace transform instead of the Fourier transform
allows us to express ¢(¢) and x;(¢) explicitly in terms of the initial values, as in Eqgs. (7).
Equations (7) serve as the starting point of subsequent discussions. We will proceed to
find the Green’s function of the full system, and hence the solution of the wave function
in the Schrodinger representation. The result tells us in what sense the damped oscillator
is described by an effective Hamiltonian without the bath variables and gives it a specific
form. It also shows that under this condition, the wave function can be factorized, and that
the main factor relevant to the damped oscillator is a solution of the Schrédinger equation
with an effective Hamiltonian.

Equations (7) are correct both in classical mechanics and in quantum mechanics in the
Heisenberg representation. We notice that ¢(t) and x;(t) are both linear superpositions of
qo — 0.d,qo , xj0,Tj0, 0.d with c-number coefficients. The commutation rules between
a(8), d(6), 75(1), &5(1) are [q(t). 4(1)]) = & . [2;(¢).4;(t)] = 2 . and operators g(t) and
¢(t) commute with z(t), ;(t). One can prove these commutation rules in two ways: (1)
by direct computation, using the fact that at ¢ = 0, they are correct, and they all commute
with operator o, and (2) by the general principle that ¢(t), ¢(t), z;(t), <;(t) are related by

a unitary transformation to qo, go, 0z, %0, T jo-
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Equations (7) show that the operators ¢(¢) and x;(t) can each be written as a sum of

two terms:

a(t) = (Q(t) +ozd) + 3 & (1) ®)
zi(t) = ¢(t) + Z Xi5()
where

Q(t) = a1(t) (qo — 0-d) + az(t)go = a1(t)Qo + a2(t)Qo 9
§i(t) = zjobj1(t) + 2jobja(t)

(Q(t) + 0.d) and ((t) are linear in qo, go, and o, and independent of x o, & o, and &;(t)
and X;;(t) are linear in x o, 4o, and independent of qg, do, and o.. Thus Q(t),0.d and
((t) are operators in one Hilbert space S, while £;(t) and X;;(t) are in an independent
Hilbert space Sy, and the full Hilbert space is a direct product of Sg ® Sx.

We shall first analyze the structure of Sg. To explicitly show that we are discussing the
ih 0

Sg space, we define Qo = qo — 02d, QO = Gy = — 3 9y Because o,d is a constant
operator and it commutes with go and gy, we have [Qo, Qo] = [0, do] = % Thus, we can

write —%6%20 = Qo = qo as a well-defined operator in the space of g, 0, i.e., Sg. The

eigenfunction of ()(¢) with an eigenvalue denoted by Q1, in the Q) representation, is easily
calculated to be (see Appendix II),

Muedt \? M
u@, (Qo,t) = <27rfi:1(i(wt)> exp [—l%GQ (a1Q% — 2Q1Q0 + ¢(Q1, 1)) (10)

with ¢ as an arbitrary phase, i.e., a real number. This eigenfunction is related to Green’s

function

G(Q1,Q0;t,0) =< Q1|U(t)|Qo >,

where we denote the evolution operator by U (t). To see this, we use the relation between
Schrodinger operator Qs and Heisenberg operator Q(t) = Qp(t) = U1 (t)QsU ().
Let |1 > be the eigenvector of Qg with eigenvalue @1, i.e.,

Qs5|Q1 >= Q1]Q1 >

we see that U ~1|Q; > is the eigenvector of Q(t) of value Q;
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QU Q1 >= QuU Q1 >=U'QsUU Q1 >=U'Qs|Q1 >= QU Q1 >

So U~ @1 > is proportional to uc), (Qo, t). If we choose ug, (Qo, t) as an orthonormal
basis, then U is unitary: UT = U1

Then, we have uq, (Qo, t) =< QolU™"|Q1 >=< Qo|UT|Q1 >=< Q1|U(1)|Qo >*=
G*(Q1,Q0:t,0), ie., G(Q1, Qo3 1, 0) = ug), (Qo, t). Thus we have

n
Mwez?

2 M
27rhsm(wt)> = [2h (@1Q5 = 21 Qo + ¢(Qu, 1)) | (D)

G(le QO; 2 O) = (

Next, we shall determine the arbitrary phase ¢(Q1,t) , which is the phase of the
eigenvectors of Q(t). Using Eq.(9), we find the commutation rule for @) and Q (see
Appendix I):

Q. Q) = (a1 (£)aa(t) — i (t)az(t)) [Qo, Qo] = e [Qo, Go] = Mh

Thus, we define the canonical momentum P(t) as

P = Me"Q = Me™ (a1(H)Qo + aa(t)Qo) = Me™ar (1)Qo - z'he”taz(wago (12)

and get the commutation rule [Q(t), P(t)] = ih. The eigenfunction of P(t) can
be calculated in two ways: (1) we can calculate the eigenvector of P(t) in the Qg
representation using Eq.(12) and then use Green’s function Eq.(11) to transform it into the
Q(t) representation and (2) the commutation rule [Q(t), P(t)] = ih requires that P(t) =
—ih 8(2,2’
two solutions, the arbitrary phase ¢(Q1, t) in Green’s function is determlned to be within a

so the eigenfunction of P(t) with eigenvalue P, is expl[i~; B L()]. By comparing these

phase ¢(t) , which is independent of Q1. ¢(t) is an arbitrary real function of time, except
that ¢(0) = 0 so that it satisfies the condition that at ¢ = 0, the Green’s function becomes
d(Q1 — Qo). Thus, we obtain Green’s function in the S¢ space:

2mih sin(wt

%
G(Ql,czo;t,m:( L )> exp[Q‘;” (mQF —2Q1Q0 + "a:23) — 1 0(1)
(13)

It is then straightforward to derive the Hamiltonian H using the following relation:

[0



International Journal of Quantum Foundations 10 (2024) 9

and remember that the matrix elements of Ug and Ué 1 are Green’s function and its

conjugate. The result is
Hg = e—mfp—2 + 1Me%gcg2 + () (14)
2M 2

Since ¢ is arbitrary except that ¢((0) = 0, we can take ¢(t) = 0. Therefore, we have
derived the well-known effective Hamiltonian for the dissipative system. We emphasize
that the expression for H¢ is derived here, whereas it is usually introduced by heuristic
arguments.

Next, we shall analyze the effect of the bath. Similar to Eq.(9), we define the
contribution of the bath oscillator j to the Brownian motion of the main oscillator as

{j(t) = xjobjl(t) + i‘jobjg(t)

where bj1(t), bj1(t), bj1(t), b1 (t) all equal to zero at t = 0 (see Appendix I), so &;(t =
0) = 0 and £;(t = 0) = 0, and hence in Eq.(8), ¢(0) = qo, ¢(0) = do.
Similar to Eq.(10) we obtain the eigenfunctions 0, (z;0,) for {; and ¢ > 0. Using

Dirac’s notation we have

Qlug,,s) = Q1lug,,s)
£j|0§j1> = £j1|9§j1>’

where s = +1 is the eigenvalue of o :

o4ls >=s|s >,

and

lug, s) = ug(Qo,t)|s > .

Thus [ug, s) [ [; ®|0¢;) is an eigenvector of ¢(t), with eigenvalue of ¢ = Q+sd+)_; ;.
Hence Q = q — sd — > ; &+ In other words, the eigenvector of q(t) with eigenvalue ¢ is

“L S, {‘SJ}> = ’uq—sd—zj & 3> H®’9§j1> (15)
J

The set of Hermitian ¢, s, {{;} is a set of commuting observables distinct from the set
of ¢,s,{x;}. The set of wave functions |g, s, {¢;}) forms a Hilbert space’s orthonormal
basis.

We first study the evolution of the damped simple harmonic oscillator wave function.

Initially (¢ = 0) it is ug, (Qo,t). Then, at time ¢, according to the discussion following
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Eq.(10) , G(Q1,Quit.0) = (Q1|Uq(t)| Qo) and ug, (Qot) = (Qo|Ug' ()] Q1 ). i

evolves into

[ 1Qu6(Qz, Quit. 00w, (@u.0) = [ a0 (@2 Ua(t)] @) (@0]Ug" )] @1)
= (@2 |Ua)UG 1) @) = (@21 Q1) = 6(Q2 — Q1)

Similarly, we can confirm that if the wave function of the bath oscillator j is 6¢ ., (z;0,t),
at time ¢ > 0, it evolves into §(&; — &;1) at time ¢ > 0.

We emphasize that if the initial state (at t = 04) is g1, s1, {&;1}), then the wave function
will evolve at time ¢ into §(¢—q1)ds,s, [[; 6(§;—&;1). Attime ¢ = 04, because Q(t),0. and
{¢&;(t)} are linear combinations of operators qo, 4o, 0=, Z;jo, o, they form a complete set
of commuting observables of time ¢ = 0. In other words, at time ¢ = 0, we consider the
unitary transform from qo, 0., o, to Q(t),0, and {&;(t)} as a variable transform. The set
of wave functions |1, s1, {£;1}) forms an orthonormal basis in the system’s Hilbert space,
which we call the "eigenstates of the system”. As a result, if the system is initially (that is,
att = 04) in one of these states,

q1,51,{&j1}), the final result at time ¢ is predetermined,

i.e., the measurement is deterministic, with a definite value of g1, s1, {fjl} .

3. The initial superposition of eigenstates determines the final probability distribution

If the wave function is initially [Wo) = |¢o, s) [[; ®|x;o). then to calculate the wave
function at time ¢, we must expand ¥ in terms of the eigenvectors |g, s, {;}) in Eq.(15),

1.e., we must calculate

B(Q,5,1) =< g, 5, t|by, s >= / w0, t)bo(ao)ddo < s|s >= / (g0, t)bo(d0)ddo
(16)

X;(&Gyt) =< Og;, tIxjo >= /9; (250, )xj0(zj0)dz 0

Notice that even though we label these functions by the parameter ¢, they are the wave
functions at time ¢ = 0. We label them with ¢ only to show that we define them as the
initial state that will evolve to specified ), {¢;} at time ¢. The probability amplitude for the
system in state |q1, s1, {&;1}) at time ¢t = O is then

(g1, 51,{&1}1) =< q1, 51, {€1}HWo >=< g, —5,0-3, ;15 51, t[tho > [s1 > H < b¢;1» thxjo >
J

= ¢(q _Sld_ijlaslat)HXj(fjlat) (17)
J J
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Because [q1, s1,{§;1}) evolves into 6(q — ¢1)ds,s, [T;6(&; — &;1) at time ¢, the wave
function at time ¢ is

/dCh H/d€j1 >0 —a)dss [J00 — €)% a5, {&1} 1) = U5, {¢}1)
J 51 J
(18)

This equation seems to be redundant because it simply replaces gi,s1,{§;1} by
q,5,{&;}, so in the following, we shall only use Eq.(17) to get the wave function.
However, the purpose of this redundant step is to point out that the final wave function
is obtained by projecting the initial state onto the system eigenstates, which themselves
are taken as the initial states. We emphasize here again that this probability amplitude is
completely determined by the initial wave function | V(). More examples will be provided
to demonstrate the implications of this point.

Notice that ¥(Q, t) of Eq.(16) is the wave function in the Schrodinger representation
with the effective Hamiltonian Eq.(14). Thus, we have connected the effective Hamiltonian
approach to the dissipative system problem with the other approaches that take both
the system and the bath into account. We also notice that, despite the fact that our
U(q,s,{&},t) is in a different representation than W(q, s, {z;},t), the usual probability
interpretation remains valid: [ [ ... [[¥(g, s, {&;},1)[* T]; d¢; is the probability density
of finding the particle at ¢q. Since this solution is very simple, it provides a simple way to
analyze other complicated problems, e.g., studying the influence of Brownian motion on
interference, on which we shall not elaborate..

Under certain conditions, for example, at low temperatures and when the system ¢ is
in highly excited states, the range of ¢ is large enough that we can approximately write
U(q,s,{&},t) = ¥(qg — sd,s,t) ]_[j x;j(&;,t) for all the values of j that do not have a
vanishingly small probability, ¢ > |} §;|. That is, the wave function is factorized, the
dissipative system ¢ can be described by the wave function (¢ — sd, s, t) only, and the

Brownian motion can be ignored. As aresult, it is worthwhile to investigate the width of the
2
argument of the wave function due to Brownian motion, i.e., the mean value of (Z ;& j)

at time ¢. It can be calculated using the expression (@, s,t) and x;(&;,t) in Eq.(16), as
shown in the example below.

As one example of the superposition of the “eigenstates of the system,” we assume the
absolute temperature is zero; the initial state of the bath oscillators is in the ground state;
the initial state of the damped simple harmonic oscillator is a wave packet at the origin
(¢ = 0) with width same as the width of ground state of the simple harmonic oscillator

2 h

04 = 381, and the spin state is |s >=| + 1 >. The initial state of the damped harmonic

oscillator is
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Yo(Qo) = (27302> ! exp (—4; (Qo + d)2>
q

q
where Qg = o —dand d = U%. Following the step of Eq.(17) by Gaussian integration,

we find the wave function at time ¢ as a Gaussian,

Muwy —2Qd — ayd?
Y(Q,1) = ¢o(Q, ) exp ( ;;UO 2 (CL?—F iwcllcw))

+ inag 2h woaz(t) — ial(t)

where ¢o(Q,t) is the solution when the magnetic field is turned off (B = 0). The
functions a1 (t), a1(t),a1(t), az(t),are given in Appendix I. The initial function ¢y (Qo) =
d0(Qo + d,t = 0) is the function of the ground state of the oscillator with the centroid
displaced to —d but () is the position relative to d, so the centroid is at gg = 0.

The probability distribution of () ignoring the contribution from the bath, is given by

1
1 )2 Q + a1d)?
B(Q.H = (2 ) exp (—(2) (19
T %
h ”? 1n n? -
0(29 = Y (wga% + a%) = 03 <1 + e + 3% sin(2wt) — 2 cos(2wt) | e ™
This is a wave packet that begins at Q = —d (i.e., ¢ = 0), oscillates around
Q@ = 0 (ie. g = d), and has its amplitude dampened to zero because a;i(t) =

e 3t (cos(wt) + 5L sin(wt)). With damping time 2/7, the width o¢(t) also damps to

zero,so the wave function collapses to the point at d. If the initial spin state is s = —1, it
collapses to —d.
To include the Brownian motion from the bath, we have the bath oscillator initial wave

function in ground state

Mo L —_—
o) = (“752) " exe (- k)

The eigenfunction of &[0 ) = §i1l0c;y)  gives  Oe (w50,1) =

m;

1
S \2 . o
(#ﬁz(t)) exp [—ZW (bjl(t)x?() - 25]-11:3-0)}. The derivation of 0, (z;0,1)
is very similar to the derivation of the eigenfunction ug of Q(t) in Appendix II, (see
Appendix I for the expression for bj1(t), bj2(t) ). The projection of the ground state onto

the eigenvector in Eq.(17) is found by another Gaussian integral as
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MW 2 1 3 Mo 52.1
(&5 1) =< B, tlxjo >= (—2)" - J
X](Ej’ ) < 537 ’XJO > ( 7h > (—ibjl —I—LUjbjz(t)) eXP( 2hbj2 (—ibj1+ijj2(t))

(20)

As a result, the contribution to the Brownian motion width derived from x;(§;,t) is
1 n
<& >= agj =3 (b?1 w?b? ) L

J J2 ) mjw;*

According to the discussion that follows Eq.(17,18), the width of the wave function

U(qr,s1,{&n}t) = (g —sd— > &, s, t)]s > [[xi(&1)
J J

can be calcula;ed from the widths of ¢(Q,t) in Eq.(19) and x;(&;,t) in Eq.(20) as
aé—i— < (Z] 13 j> > (see Appendix III for the derivation). Long after the damping time
2/1 , the width o) — 0, and thus the Brownian width is given by

2

2
Y] o= [ [« [[Xe0] [Teores =Y <¢>=Y

From the bath’s spectral density Eq.(4), and the expressions for b1, bj2,w,wp,n in
Appendix I, and Eq.(7), we find

h h
Z%J - Z (b5 +with,) = /dwjp(wj)m (b1 +wibls) @)

2m; wj jWs

nh M
— M/dij] 2 (031 + wib3,y)
J

™

As t — o0, this approaches

2

o0 1 h T w— 1
dw? t 4
ZJ: 27TM i (Wg-w?)2+n’w? T 2rwM < + axctan( nw ))

If n <w, i.e., if the damping time is much longer than the main oscillator period.

2

h w h
;Q@ >zmM<+WWMQNMM

This Brownian width approximately equals the ground state of the simple harmonic
oscillator.

)
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Figure 1. (a) Wave function probability density without Brownian motion
(b) with Brownian motion. The initial spin state is specified by a vector d
on the Block sphere with § = /4 for this case. The probability for the
spin up and down is both non-zero. The color scale is the probability density.
The two wave packets of the spin up and down are well separated near the
beginning. When Brownian motion is ignored, the wave function profile width
approaches zero at t > 5. The wave function collapses to either at ¢ = d = 3,
or g = —d = —3 for t > 5, with the probability of being up and down as
cos?(0/2) = 0.8535 , and sin?(6/2) = 0.1464.

50 6 150

44 0 4 /ﬁ\ A\ S — 1.25
2 S — & 2 / / %ﬂgz: 100 5
o o (a) *5 oo (b) 015 o
2 = -2 1 ‘ A i i 0.50 5

_4 ' v 0= 0.25

r T T T T r 0 =6 = T T T T T 0.00

0 1 2 3 4 5 0 1 2 3 4 5

t t
As a result, depending on whether s = 1 or —1, the wave function collapses to one of

h
2wM

, the spin measurement has a definite answer. From the discussion following Eq.(17,18),

the two split potential wells at +d with a spread o = \/ﬁ. As long as d >

this result is completely predetermined by the initial spin state.

4. An example of the case when the Bloch vector of the pure state spinor is not aligned
with the z axis

When the spin is in a pure state, the initial state can always be specified by a vector

d = (sin @ cos ¢, sin 0 sin ¢, cos #) on the Bloch sphere[21] as

|d >= cos(0/2) |+) + e'? sin(0/2) |—)

Then the initial state Vo = [¢oo > |@ > []; [x;j0 >.
a is not parallel to the z axis unless # = 0, or 7. Its projection onto the initial system
eigenstate |qq, s1, {£;1} > in Eq.(15) , given by Eq.(17,20) is

\I/((haslv {£j1}7t) =< q1, 81, {gjl}’qjo >=< uq1fs1dfzj §j17817t’w0 >< 31’6 > H < 0£j17t’Xj0 >
J

= (g —s1d =Y &,s1,t) < sild > [ [ xi (s t)
J j

According to the discussion following Eq.(17,18), at time ¢, W evolves into the wave

function
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qj-ﬁ-(‘]v )

U(g,1,{&} 1) = (g —d - 2@,1 t) cos(6/2) Hx] &.1) (@2

\I/—(‘Lt) \I'(q7_1a{§j}7t): Q+d ijv_ ) Sln 9/2 HXj §j?t)
J
The wave packet split into two, with s = 1 collapsing to ¢ = d with a probability of
cos?(6/2), and s = —1 collapsing to ¢ = —d with a probability of sin?(6/2), both with a
width o¢ = \/% , given by Eq.(21)
At temperature 7' the contribution from the Brownian width of the bath to the width of
q is calculated by the bath density matrix as

2

h hw;
;@(t) >= Z sy (T 302) coth(gp )

Figure 2. (a) the width 0¢(t), , 0¢(t), and og(t); (b)Probability in the wave
packet with spin up (magenta), down(cyan), and total (blue);

(a)
10
030
08
025
width oo
o — width of

— width oo

—— area [|plg, t)’dg

(b) — area [|y:(q.8)|%dg

area [|y-(q.8)%dq

Figure 3. (a) the wave function density profile of the wave packets att = 0
and very close to the beginning at £ = 0.05. The two wave packets is already
starting to separate. (b) Wave function density profile at ¢t = 0 and t = 2
compares with and without Brownian motion included. We also indicate the
positions of the two potential wells corresponding to spin up or down, with
arbitrary scale. The two wavepackets are close but do not reach the bottom of

the potential wells yet at ¢ = 2.
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This approaches the width in Eq.(21) as T" approaches zero. The width increases with
temperature.
When we apply Eq.(26) and Eq.(19) for |¢(Q, t)|? given in Appendix III, we have

1 1 (¢ —d + ayd)?
2 _ 2 - RS e et v
|\I}+(Q7t)| = Cos (0/2)\/%0_@E eXp( 20'(225

W (g, )2 = sin(6/2)—— —— exp (—

(¢ +d — ard)?
V2T oQe

2
QO'QE

where the width of the wave function density is 03 = 07, + 0.

For this abstract model, for a case with 4z = 1,M = 1, and the main oscillator
period Ty = l,wp = 2w /Ty, n = 2, we choose d = 3, at temperature 7 = 0. The
angle between the spin direction and the z axis is chosen to be § = /4. We plot
the |, (¢,t)|%,|¥_(q,t)|? versus t in Fig.1a when the Brownian motion is ignored, i.e.
with width o, and in Fig.1b with Brownian motion included, i.e., with width og¢. The
separation of the two wave packets is visible from the very beginning near ¢ = 0.

The width in Eq.(19) aé(t) — 0 ast — oo. As aresult, the wave packet is already
approaching ¢ function at ¢ = 5 in Fig.1a.

The width of |1(Q, t)|?, i.e., o¢(t), Brownian width o¢(t) and total width oge(t), as
function of ¢ are also shown in Fig.2a.

The probability of falling into upper and lower potential well is shown in Fig.2b, i.e.
they are constants starting from t = 0,: for § = m/4, they are cos?(6/2) = 0.8535
(magenta); sin?(0/2) = 0.1464 (cyan). That is, they are predetermined. Their sum is
1(blue).

The profile of wave packets with spin up and down begins to separate at ¢ = 0.05, as
shown in Fig.3a. The wave packets at ¢ = 2 are shown in Fig.3b, where we compare the
profiles with and without Brownian motion when they are well separated.

The conclusion is: the probability distribution cos?(6/2), sin?(6/2) is predetermined
by the initial state |@ >.

S. Implications for applying the result to the Bell theorem

We can now apply the results of Sections 1,2,3 to the Bell theorem. The main results
of these sections are that the final result of the measurement is determined by the wave
function of the initial state, as stressed at the end of Section 1, and clearly shown in Fig.2b.
Since this is only for a specific model, the interpretation and the implication here are only

suggestive.
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5.1. We first repeat the statement of the Bell theorem to clarify the notations used here.

In the Bell theorem experiment [1,22], we assume that the two entangled particles leave
the origin at point O and move in opposite directions, so that particle 1 reaches position A
and measures o7 .« @ and particle 2 reaches position B and measures o . b (@ ,b are some
unit vectors).

The paper assumed a hidden variable A such that the result of measuring oy . @ is
determined by @ and A as A(a, A), and the result of measuring o3 . b is determined by

band X as B(b, \) in the same instance, and

A(@,\) = £1; B(b,\) = £1. (23)

According to Bell, “The vital assumption is that the result B for particle 2 does not depend
on the setting @ of the magnet for particle 1, nor A on 5”[22]. Bell assumed that if p(\)
is the probability distribution of A, then the expectation value of the product of the two

components o1 . @ and o2 . b is

P(@,f) = / (A N B(E. ) (24)

Bell supposes that the experimenter has a choice of settings for the second detector:
it can be set either to b or to &. Bell proves that if Eq.(23) and Eq.(24) are correct, the
difference in correlation between these two choices of detector settings must satisfy the

inequality

Then, Bell shows it is easy to find situations where quantum mechanics violates the
inequality, i.e., the “Bell inequality”, thus Eq.(23) and Eq.(24) derived from the “local

hidden variable theory,” is incompatible with quantum mechanics.

5.2. The analysis of two separate measurements at remote positions A and B on two

particles is equivalent to the analysis of two measurements on one particle at the origin

When we apply the result of Sections 1, 2, and 3, because the result is predetermined
by the initial condition, it is clear that the measurement at any later time would not affect
the initial probability amplitude. And, any conclusion from the result does not provide
any information about whether the measurement at A influences B. Consequently, the
experiment does not carry any information about “action at a distance,” or “‘spooky action,”
or “nonlocal” property.

Therefore, we only need to compare the probability amplitude at time ¢ = 0, i.e., we

compare the measurement of oy . @ and o9 « b at time ¢ = 0. When we compare these two
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measurements with the experiment in the Bell theorem, we can compare them at ¢ = 0,
which means we compare them at the origin O.

Furthermore, because the two entangled particles are completely correlated such that
01+ = —092 «d, we only need to compare —os . @ with o2 . b at time ¢ = 0 and investigate
the condition for both to have definite values. In the following, when applying the results

of Section 3, we can consider Z as b, and take @ the same as the @ in Section 3.

5.3 The statement “There are no hidden variables for non-commuting observables to have
definite values at the same time” is the consequence of the uncertainty principle. We discuss

its implications for the Bell theorem and “Schrodinger’s cat problem”.

Because we start with 1 .@ = £1, and measure 09 . l;, the complete correlation between
particles 1 and 2 requires particle 2’s initial state to be either oo . @ = 1, 0r 09 . @ = —1.
So as long as sin § # 0, particle 2’s initial state is not an eigenstate of o5 . b. Comparing
with the Bell theorem, this is equivalent to measuring o9 . a first and then immediately
measuring s . b.

The initial state for the measurement of o9 . b is then an eigenstate of o9 . @, not an
eigenstate of o . b, even though it is a pure state, i.e., it is the result of the measurement of
09 « d. As aresult, as long as sin 6 # 0, the measurement of o5 . b must have two possible
outcomes. This is not determined by any external observer, but is because the initial state is
not a definite state for the measurement of o5 . 5, even though it is a definite state for o5 . d.

It is also clear that if sin # # 0, there are no hidden variables that can give both o3 . @
and o . b definite values. This is the Uncertainty Principle. Further, the probability of
09.b = 1is cos2(6/2), and the probability of o . b = —1 is sin2(#/2) according to Born
rule.

In the present model case, it is very natural to understand why if sin# # 0, there are
two outcomes from o5 . b. Since the initial state is a pure state with @ on the Bloch sphere,
it is a superposition of two components. The one with o9 . b = 1 will be deflected by the
magnetic field to direction I; the other with o9 . b = —1 will be deflected to direction —b.
This probability distribution between the two outcomes, on the other hand, exists from the
start as a physical reality embodied later by magnetic deflection.

As a result, the measurement of o9 . @ is insufficient to prepare a definite state for the
second measurement; we must still specify that the measurement setup in the environment
after the start is still a measurement of o5 . @, or in other words, a measurement of o5 . b but
with b = +d.

The implication of this is that even though the initial wave function is the eigenvector
of a complete set of commuting observables and has definite values, this alone cannot
guarantee a definite status. Because, in addition to this, we must first make sure the

measurement device is arranged to measure this same set of observables. From this point
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of view, the wave function is not a complete description of the system; a description of the
measurement environment must be included in order to have a complete description. One
of the foundations of quantum mechanics, the Uncertainty Principle, is based on the fact
that no physical system can be built to let two non-commuting observables have definite
values; consequently, no one can prepare such an initial state in any experiment.

If we consider the case in Section 3 with @ = 2 = (1,0,0), then 0 = 7, = 0,

_ L

|@ >= cos(0/2) |+) + ¢ sin(6/2) |-) = 7 (I+) +1-))

we may consider this as a model to compare with an extremely simplified
“Schrodinger’s cat problem”. It is not an eigenstate of o, which is the measurement we
are taking. According to our discussion above, the initial state is an eigenstate of the
measurement of ¢.d. It is not a definite state for the measurement of o, from the beginning,
because it has a probability of 50% for spin up or down. So the initial measurement of
spin ¢ . @ produced an ensemble of initial states for the following measurement of o,.
We emphasize that this probability distribution is not generated at the end by someone
observing it when the measurement of o, is completed, but is already determined right

after the measurement of o . @. The role of a final measurement of o, is to sort out the

distribution, sample |+) or |—), and put them into the centers of the two split potential
wells.

Therefore, there is no need to resort to any “external observer”.

No matter whether there is any one to observe the result, the probability distribution is
certain from the very beginning. |@ > is called a “pure state” only in the sense that it will
give a definite result if one measures o . @. The main point is no one can prepare a definite

state for o, by measuring o . @.

5.4. At this point, one may ask why the Bell theorem sometimes seems to generate a sense

of non-locality in quantum mechanics.

As we discussed above, the violation of Bell inequality by quantum mechanics
is because the Uncertainty Principle contradicts the hidden-variable theory. It was
unnecessary to replace the “hidden variable theory” with the “local hidden variable theory”.
There is no need to resort to the word “local” in the derivation of Bell inequality.

According to reference [1], “In the words of physicist John Stewart Bell, for whom this
family of results is named, ’If [a hidden-variable theory] is local, it will not agree with
quantum mechanics, and if it agrees with quantum mechanics, it will not be local’ ™.

This conclusion seems to generate a sense of some non-locality in quantum mechanics
when the experiment indeed agrees with quantum mechanics. However, with a careful

examination of the derivation in 4.1, as long as we assume there is a hidden variable theory,
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i.e., Eq.(23) and Eq.(24), we can follow Bell’s derivation and reach the same conclusion as
the Bell theorem without resorting to locality or non-locality.

The the basic assumption by Bell for his derivation is “the result B for particle 2 does
not depend on the setting @ of the magnet for particle 1, nor A on 5”[22], as we refered to
in 4.1. We emphasize here that communication between A and B (or not) is irrelevant.

Even if A does communicate with B such that B receives information in advance that
the setting chosen by A is @, as long as B does not choose the setting b to be parallel to a,
Bell’s assumption will still lead to Eq.(23) and Eq.(24), which then leads to Bell inequality
without resorting to locality or non-locality, i.e., without resorting to whether there is any
communication between A and B.

So we may rephrase the above statement (1) as a new statement (2): “If a
hidden-variable theory can give definite values to non-commuting observables, the result
will not agree with quantum mechanics, and if it agrees with quantum mechanics, then no
hidden-variable theory can give definite values to non-commuting observables.

As long as the Uncertainty Principle is correct, it is natural that quantum mechanics
will violate Bell inequality, and also it rules out a “hidden variable theory”. Both the Bell
theory and our discussion has nothing to do with whether there is non-locality, “action-at-a
distance”, or not.

The theory we used is non-relativistic, which is justified because there is nothing close
to light speed involved.

The comparison of statement (1) and statement (2) and the discussion above
demonstrates the experiment’s agreement with quantum mechanics does not provide
information related to non-locality. The inclusion of the word "local” in Bell’s statement
here shifts the emphasis from "hidden variables theory" to "local hidden variable theory".
This contradicts quantum mechanics, giving the impression that the confirmation of
quantum mechanics prediction leads to some non-locality. Hence, the discussion above
suggests this statement may be misleading if one does not carefully examine the basic
ground underlying the derivation of the Bell theorem.

We conclude that as long as the Uncertainty Principle is established, violation of the
Bell inequality in the experiment entirely ruled out the existence of any hidden variable
theory, irrelevant of any locality or non-locality.

6. Summary: The implications for the understanding of the statistical interpretation
of quantum mechanics

The preceding discussion in Section 4 appears to be simply repeating the fundamentals
of quantum mechanics; thus, as quantum mechanics predicts, it leads to the violation of
Bell Inequality. Indeed, we have demonstrated that in quantum mechanics, when the Born

Rule is applied to the initial state, the result is a self-consistent theory that includes using
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the Schrodinger equation to describe the quantum measurement process itself, without
resorting to non-locality, hidden variable, or any external observer; without resorting
to whether the measurement at A immediately influences the measurement at B or the
distance between A and B. Thus, it removes many mysteries surrounding the statistical
interpretation of quantum mechanics.

We emphasize that because the discussion is only for a specific model, the implications

of the discussion in Section 4 are only suggestive and summarized as:

1. The derivation of the wave function collapse in the measurement process in Sections
1, 2, and 3 shows the probability distribution is determined from the very beginning
(i.e., t = 0), not at the end.

2. As a result, when Bell inequality is violated in an experimental test of the Bell
theorem, there is no paradox arising from the concepts of “non-locality” or “action

at a distance”.

3. A linear superposition of the eigenstates of a complete set of commuting observables
is an ensemble of systems with a probability distribution determined by the Born rule.
A wave function will give a definite measurement result only if it is the eigenstate
of the observables being measured. This crucial point removes many mysteries

surrounding the statistical interpretation of quantum mechanics.

4. This suggests that as long as the Born rule is applied to the interpretation of the
initial state, the Born rule at the end of the measurement can be derived from the

Schrodinger equation.

It is important to note, in the model case we have discussed here, 1) the correlation between
the two entangled particles is assumed to be completely preserved, and 2) the fact that the
discussion about the violation of Bell inequality without resorting to the distance between
A and B does not imply that the distance between A and B is irrelevant to the experiment
on the entangled particles. On the contrary, the longer distance between A and B means
the experiment design needs to preserve the correlation between the two particles over a

longer distance.
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Appendix I

The following expressions are used in the derivation in Sections 1, 2, and 3. In Eq.(7).

. . /j,eiytfl/ei‘u’t o efut_efut _n . _n .
with al(t) = T 5 az(t) = —?,IJ/ = 3 + wi,y = 5 — wi and here
9 2\ 1/2
w= (wo — %) , we have

ar(t) = e 2! (Cos(wt) + 2i sin(wt))

as(t) = ie 2" sin(wt)

an(t) = —wias(t)

as(t) = e~ ¥t cos(wt) — %e—%t sin(wt)
ar(t)as(t) — ai(t)asg(t) = e ™

where we can confirm that a1 (0) = 1, a2(0) = 0,a1(0) = 0, a2(0) = 1.
Then, use Eq.(9) and the expressions of aq(t),aq2(t),a1(t),az(t), we find the

commutiator

(Q,Q] = [a1(t)Qo + az(t)Qo, a1(t)Qo + da(t)Qo] = efnt%

Also in the solution of the damped oscillator equation Eq.(5), i.e., Eq.(7), the

coefficients of the j’th bath oscillator contribution to ¢

bj1(t) = —%InverseLaplace((82+w2)(z+u)(s+y))
J
_ g | wi)sintwy) | (prowd) cos(iw)) A
W |Gt (7] T )R] T ) e ()
bja(t) = — 35 InverseLaplace((S2+w2)(;+u)(s+l/))
J
__9 (MV*wf)Sin(tw) _ (utv)cos(tw;) en(=t) e (—t)
M| wi(w2red) (2 4ef) - (24e]) (P 4e]) - o) (pP4e]) () (P 4e])
) _ ¢ | wi(pty)sin(tw;) (MV*WJQ-)COS(t"-’j)
balioroe) =~ | el + (g
c (My—uﬂ.) sin(tw;) w; (u+v) cos(tw;)
b — _ % J W j
sbitte) = —fy | (BRI - gt
C2

bj1(t=00)? + wibjo(t—00)* = 3 o mmee
J J

where we can confirm that b;1(0) = b;1(0) = b;1(0) = bj1(0) = 0.
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Appendix 11
Denote the eigenvector of Q(t) = a1 (t)Qo+az(t)Qo with eigenvalue Q1 as ug, (Qo, t),
where Qo = qo — 0.d,Qy = —%6%0 = —%a%, Q(t) and Q(t) are understood as a

function of ¢y — .d, ¢o from Eq.(9). Since o, commute with (g, Qo, there is no ambiguity
for the functions of Q, Qo regarding the order of o, in any product in the function. The

eigenequation

<a1(t)Q0 - mj\?ag() u@, = Qrug,

leads to

M
ug, = C(Q1,t)exp [2271&2

(a1Qf — 2@1@0)}
C(Q1,t) is determined by orthonormal condition on  ug, ie.,

[ dQouf, (Qo)ug,(Qo) = 6(Q1 — @2) as C(Q1,t) = (%)ie—iﬁmmm
Eq.(10).

Appendix III Wave function probability density with Brownian motion
We abbreviate the wave function density as f(3_; §1) = [(q1 —s1d—3_; &1, 51, 1) 2,

then using the Taylor expansion of f it is straight forward to show that

//..//f@gj)H|xj<5j,t>|2d5j
:m//..//ﬂzjj@)exp —Z;é ];[dfj (25)

_ ! &
v f(&)@q)( 20§>d€
2=Y

J

Thus

sl = [ [ ] [1w@sigror L

— [ [ [wta-si- S g 0P T ol 26)

__1 2 &
- \/%Ug/‘w(q_Sd_é.’S’t)’ exp <_%‘_§> dg




International Journal of Quantum Foundations 10 (2024) 24

For probability density of Eq.(22),with |¢(Q, t)|? = [1/(q — d,t)|? in Eq.(19) we have

1 2
4D = co(0/2) / (g — d— €,1,0)|? exp (—j%) de

1 1 : (q—sal—ﬁ—alz)2 €2
= \/ﬂag / (27r022> exp (— 2032 ) exp (—%‘2) d€

1 1 (q—d+ ayd)?
2
= COS 9 2)————e¢€ —_——
(6/2) o e xp( 207,

where the width of the distribution is 63); = 03 4 0. The same way the probability of

the lower potential well with spin down is

. 1 1 (Q+d—a1d)2
2 _ 2 - TR
|W_(q,t)| =sin (9/2)\/27 5exp( 2 25
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