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Abstract: We show that the first order form of the Schrodinger equation
proposed in [1] can be obtained from the Dirac equation in the non-relativistic
limit. We also show that the Pauli Hamiltonian is obtained from this equation
by requiring local gauge invariance. In addition, we study the problem of
a spin up particle incident on a finite potential barrier and show that the
known quantum mechanical results are obtained. Finally, we consider the
symmetric potential well and show that the quantum mechanical expression
for the quantized energy levels of a particle is obtained with periodic boundary
conditions. Based on these conclusions, we propose that the equation
introduced in [1] is the non-relativistic limit of the Dirac equation and more

appropriately describes spin 1/2 particles in the non-relativistic limit.
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1. Introduction

The Schrodinger equation lies at the foundations of our understanding of non-relativistic
quantum mechanics. Although various scattering problems can be studied using this
equation, it does not take into account the spin of the particle in these problems. The
fundamental form of the Schrodinger equation proposed in [1] allows for the inclusion
of spin in scattering problems. It was shown in [1] that the proposed equation can be
used to solve the finite step potential problem with the spin of the particle taken into
account. The analysis therein predicts how a spin up electron scatters off a step potential.
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The transmission and reflection coefficient of the spin up and spin down particles were
obtained and it was shown that, when added together, the coefficients of the spin up and
down particle yield exactly the quantum mechanical result. In addition, a three dimensional
version of the first order equation was also proposed in [1].

In this article we derive results that further illustrates interesting consequences of this
equation. We show that the first order form of the Schrodinger equation can be obtained
in the non-relativistic limit of the Dirac equation and the Pauli equation can be derived
by requiring this equation to be locally invariant. We also show that the finite potential
barrier problem can be solved using the equation proposed in [1]. The analysis we perform
takes into account the spin of the particle scattered from a finite potential barrier. In this
case as well, we show that the sum of the transmission and reflection coefficients for the
spin up and down particles yield the quantum mechanical result. Furthermore, we discuss
the symmetric potential well problem also and show that energy quantization results from
assuming periodic boundary conditions for this problem.

The paper is organized as follows: In section 2, we show that the equation proposed in
[1] is the non-relativistic equation of the Dirac equation. In section 3, we derive the Pauli
equation by requiring the first order Schrodinger equation to be locally invariant. In section
4, we analyze the finite potential barrier problem and section 5 discusses the problem of a

particle in a symmetric potential well. We conclude in section 6.

2. The Non-Relativistic Limit of Dirac Equation

It was proposed in [1] that the Schrodinger equation can be derived from a fundamental
first order equation similar to the manner in which the Klein Gordon equation can be
derived from the Dirac equation. The 3 dimensional version of the equation proposed

in [1] is given by
— 70 = (indy + n'm)y (D

where ~; are the Dirac matrices, 7 is a 4x4 nilpotent matrix and we choose i = ¢ = 1.
Here we use the representation n = (g + iy5)/v/2. There are several representations of
the 1 matrices and each corresponds to a different representation of the gamma matrices.
The representation = (7o -+ i75)/+/2 corresponds to the standard representation of the

Dirac gamma matrices. We consider the following form of the Dirac equation’

(iv' 0y — iysm)p =0 (2)

' Equation (2) is equivalent to the standard Dirac equation. We can obtain the standard form of the Dirac

equation by a simple redefinition of the field 1) = M+)’, where M = (1 — iry5)/+/2 and then multiplying
the equation with M from the left.
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or
(17000 + i 0; — iysm) =0 3)

In momentum space () = u(p)e~P* = u(p)e~"Ft=P=2)) the above equation is given by

(YE — vipi — tysm)u =0 4)
using v = (n+ n')/v2and ivs = (n — n')/v/2, we get

n+nt n—n'

(\/5 E—%pi—iﬂ m)u:O &)

n o N
(\/i(E_m)_%pz_" \/i(E_'_ )) =0 (6)

In the non-relativistic limit £ — m ~ E’ and FE + m ~ 2m, which yields

N 1
—=E' — yipi + V2 m) u=20 7
<\/§ ’Ylpl 7] ( )
which yields the dispersion relation of a non-relativistic particle (E’ = p?/2m). Equation

(1) can be written in a more general form as

(inE — yips + anTm) u=0 (8)
or
(in“@u + anTm) =0 9)

where a is a non-zero constant and 7n* = (n°, ) = (n/a,~"). The above equation more
appropriately describes spin 1/2 particles in the non-relativistic limit. An implication of
this is that the above equation allows for inclusion of a particle’s spin in the analysis of
various problems in non-relativistic quantum mechanics. It was shown in reference [1] and
we also show in section 4 that this equation allows for the inclusion of the spin of a particle
in scattering problems. We will also show in section 5 that the symmetric potential well
problem yields energy quantization from assuming periodic boundary conditions.

3. Pauli Equation

In the non-relativistic limit, spin can be introduced using the Pauli equation which
describes the interaction of a spin 1/2 particle with an external electromagnetic field. It is
obtained in the non-relativistic limit of the Dirac equation by assuming the presence of an
electromagnetic field. It correctly predicts the spin of the particle and the gyromagnetic



International Journal of Quantum Foundations 2 (2016) 112

ratio. In this section we show that Pauli equation can obtained from equation (9) by

requiring local gauge invariance. We therefore require that the following equation?

¢T<MW3M%-UVH>¢’=(J (10)
is invariant under the local transformation
w N €_i86(w)¢ (11)

This leads to the following locally invariant equation
W(mwh+nw0¢:o (12)

where D,, = 0,, + ieA,,, and the gauge field A, transforms as A, — A, + 0,0 under the

local transformation. In momentum space, the above equation is given by
ot (7' +ntm) v =0 (13)

where I1,, = p, — eA,,. Therefore, requiring gauge invariance amounts to performing the

transformation, p, — p, — eA,. We obtain the Pauli Hamiltonian by squaring the above

equation:
7.10)2
go— G (14)
2m
112 -
- _ “3BteA (15)
2m  2m

where, e is the charge of the electron, = - eA and & are the Pauli matrices.

4. Finite Potential Barrier

In this section we analyze the finite potential barrier problem in 1 dimension (Figure 1).

The 1D equation is given by [1]
—i0:1 = (ind; + n'm)y (16)

For the analysis in this section we adopt the representation of 1 matrices employed in
reference [1]. We consider a spin up electron incident on a potential barrier with £ > 1
and £ < V. We will show that the resulting transmission and reflection coefficients for
spin up and down particles are related to the quantum mechanical ones. For regions I, 11

and /11, equation (16) in momentum space is given by

1Y =(En+mn') (I,1IT) (17)
p2 b =((E — Vo)n+mn') ¢ (I1) (18)

2 We choose a = 1 for discussion in this section.



International Journal of Quantum Foundations 2 (2016)

113

Figure 1. Particle incident on a finite potential barrier of height V; and width

L.

11 117

4.1. CaseI: E > V)

z=0

We first consider the case of a spin up electron incident on a finite potential barrier of

width L with energy E > V. The incident, reflected and transmitted electron waves in

region I, II and 11 are given by

1
¢I = A 0 eiplz + A’ e—iplz
ia(E —m) ia(E —m)
—V2ap, V2ap
0
+ B ! —n (19)
—V2ap;
—ia(E —m)
1 1
77[)]] - F ' 0 eipgz + F/ . 0 e—ipgz
iB(E — Vo —m) iB(E — Vo —m)
—/28ps V20ps
0 0
+ G 1 eipgz + G/ 1 e—inZ(ZO)
V26ps —V/28p;
—iB(E — Vo — m) —iB(E — Vp — m)
0
Y =C eP? 4 D ! P17 (21)
ia(E —m) V2ap,
—V2ap; —ia(E —m)
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Figure 2. The plot shows the transmission and reflection coefficients for spin
up electrons given in equations (24) and (26). The height of the potential
barrier Vj is taken to be 10 eV and the width is chosen as L = 10 nm. The
transmission coefficient for spin down electron is zero whereas the reflection
coefficient is negligible. For example, for E/V = 1.5, the value of the
reflection coefficient for spin down electron is Ry = 2.4 x 107°. The
probability of the reflected electron to flip its spin however increases with
increase in the energy of the particle. For instance, with V5 = 100 KeV,
Ry = 0.17 for E/Vy = 1.5. The analysis therefore predicts that for low
energies the reflected electron will very likely be spin up whereas for higher

energies there is probability for it to be reflected with its spin flipped as well.
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At z = 0 and z = L the continuity of the wave function implies

Yr(z=0) = Pr(z=0) (22)
Yrr(z=1L) = ¢i(z=1L) (23)

The transmission and reflection coefficients for spin up and down electrons for this case are

C? 8E(E — Vp)
no= |5| = (24)
Al 8B Vi cos (2v2L/m(E = Vy) ) — 8EVy + V3
D 2
o= 7| =0 (25)
AP
R o= |5
OV2(E — m)? sin? (ﬁL, /m(E — VO))
— (26)
(E +m)? <8E2 — V2 cos (2ﬂL\/m(E - vb)) — 8EVp + 1/02)
B'|?
Ry = |5
SEmV2 sin? (\/iL\/m(E - Vo))
= (27)

(E+m)? <8E2 —VZcos (2ﬂL\/M) _8EVy + V02>

where 77 and R; are transmission and reflection coefficients for spin up electron where as
T5 and Ry correspond to spin down electron. The sum of these coefficient is always equal
to 1, i.e.,

(Ti +T2) + (R + Rp) =1 (28)

The quantum mechanical transmission and reflection coefficients are related to these

coefficients as

TQM = Ti+1T (29)
Roy = Ri+ R 30)

Figure 2 shows the plot of transmission and reflection coefficients for spin up electrons in
equations (24) and (26). For these plots we choose Vy =10 eV and . = 10 nm (with
mec® = 0.5 MeV and he = 197 eV-nm). From Figure 2 we can see that the transmitted
electron is always spin up (7> = 0) whereas the reflected electron is very likely spin up
as well (Ry << 1). For example, for E/Vy = 1.5, the value of the coefficient for spin
down electron is Ry = 2.4 x 10~°. The probability of the reflected electron to flip its spin
however increases with increase in the energy of the particle. For instance, with Vj = 100
KeV, Ry = 0.17 and R; = 0.07, for E/Vy = 1.5. The analysis therefore predicts that for
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low energies the reflected electron will very likely be spin up whereas for higher energies
there is probability for it to be reflected with its spin flipped as well. The transmitted

electron is always spin up.

4.2. Casell: E <V

We next analyze the case when the energy of the incident electron is less than the height
of the barrier. The equations for incident and reflected electron in region I remain the same
as equations (17) and (18). In region I, however, the equation is now given by

iph ¥ =[~(Vo — B)in + min'] ¢ (1) (31)

The operator P = —(Vy — E)in + min' has eigenvalues +i\/2(Vo — E)m = +ip}. The
wave function in region /1 is given by

1 1
Y = F 0 e P 4 F 0 e® (32)
ip(Vo — E +m) ip(Vo — E+m)
V2ip ph —V/2ip ph
0 0
+ G ! ePe 4 G ! eP2? (33)
—/2ip ph V2ip phy
—ip(Vo — E+m) —ip(Vo — E +m)
where p = 1/(Vo — E —m) and p, = /2m(Vp — E). From the continuity condition (23)

we find the coefficients for this case as well:

; cl’ BE(E — Vp)
n = |9 - (34)
— V2 cosh (zﬂL, /m (Vo — E)) — 8EVp + V2
D 2
T o= 7| =0 (35)
AP
/ o -
R = |5
2V2(E — m)? sinh? (\/QL« /m(Vo — E))
- (36)
(E +m)? (8E2 — V2 cosh (2\@L\/m(V0 - E)) ~8EV) + V)
B'|?
/ — -
Ry = |5
SEmV2 sinh? (ﬂL\ (Vo — E))
- (37)

(E +m)? (8E2 — V2 cosh (2\/§L\/m) —8EVy + ‘/02)
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Figure 3. The plot shows the transmission and reflection coefficients (F <

Vo) for spin up electrons given in equations (34) and (36). We can see that

there is a finite probability for the particle to tunnel through the barrier for

higher energies. The transmitted electron is always spin up as well.

1.0

081

061

T

0.4r

U,%'

1.0

0.87

0.61

Ry

0.4r

U,%'

Vo= 1eV, L=1Inm

0.2

0.4 0.6 0.8 1.0

5
Vo
Vo= 1eV, L=1nm
02 04 06 08 10

| o

-
=

117



International Journal of Quantum Foundations 2 (2016) 118

Figure 4. The plot shows reflection coefficients for spin up (red) and spin
down (blue) electrons given in equations (36) and (37). For these plots V) =
1 MeV. We can see that the probability of the electron to flip its spin upon

reflection increases considerably for higher energies.
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The sum of these coefficient also is always equal to 1, i.e.,
(T{+Ty) + (R, +Ry) =1 (38)

with the coefficients from the Schrodinger equation given by Ty = 17 + T4 and Ry =
R| + R.

In Figures 3 and 4 we show the results for this case. In Figure 3 we choose Vy =1 eV
and L = 10 nm and in Figure 4, V) =1 MeV. From Figure 3 we can see that there is a finite
probability for the particle to tunnel across the barrier, especially for higher energies. For
larger heights of the potential barrier the transmission coefficient decreases considerably.
The transmitted electron is always spin up whereas the reflected electron can be spin up or
down depending on the energy of the particle. The probability of the electron to flip its spin
upon reflection increases considerably for higher energies. This can be seen from Figure 4

which shows the reflection coefficients of the spin up (red) and down (blue) electron.

5. Particle in a Symmetric Well

In this section we address the question of confinement of a particle in a 1 dimensional
symmetric potential well (z : —L — L) using equation (16). We find that in order to

confine the particle in a symmetric potential well we need to implement periodic boundary
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conditions. In the potential well the particle is described by the following wave function:

1 0
0 - 1 ,
=A e’ + B e'Pr?
v ia(E —m) V2ap;
—V2ap; —ia(E —m)
0
! 0 —ip1z / 1 —ip1z
x| cimE 4 B emim (39)
ia(E —m) —V/2ap;
V2ap —ia(E —m)

The wave function ¢ is a linear combination of eigenstates of spin up and down particles
moving towards the positive and negative z axis. For this case we implement periodic

boundary conditions

P(z=-L) = ¢P(z=1I) (40)
The allowed quantized energy levels of the particle are given by
n?n?
E,=—— 41
" 2mlL? “h

where n = 1,2, 3, .... These are the energy levels of particle in a square well. Note that in
this case the coefficients (A, B, A’ B’) cannot be determined, however, the normalization

of the wave function

L
/ [W[Pdz =1 (42)
—L

yields the following condition on the coefficients of the wave function

AP+ |BI? + [A]? + | B']* = (43)

E .
6. Conclusion

We have shown that the equation proposed in [1] is the non-relativistic limit of the Dirac
equation. We also showed that the Pauli equation can be derived by requiring this equation
to be locally invariant. In addition, we analyzed the finite potential barrier problem and
showed that in this case as well the transmission and reflection coefficients for spin up
and down electrons, when added together, yield the quantum mechanical results for this
problem. The analysis predicts that a spin up electron incident on a finite potential barrier
is always transmitted as spin up. For low energies the reflected electron is most likely spin
up as well, whereas for higher energies there is a greater probability for it to be reflected
with its spin flipped as well.
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Finally, we considered a particle in a symmetric potential well and showed that
quantized energy levels are obtained with periodic boundary conditions. The results
obtained from the equation proposed in [1] agree well with known quantum mechanical
expressions. The analyses performed in [1] and in this article predict precisely the reflection
and transmission coefficients for spin up and down electrons for the step potential and finite
potential barrier problems. Experimental tests are needed to examine the predictions of
these analyses.

Based on these conclusions, we suggest that this equation more appropriately describes
spin 1/2 particles in the non-relativistic limit.
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