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The predictions of quantum mechanics are probabilistic. Quantum probabilities are extracted using a postulate of the theory called the Born rule, the status of which is central to the “measurement problem” of quantum
mechanics. Efforts to justify the Born rule from other physical principles, and thus elucidate the measurement
process, have involved lengthy statistical or information-theoretic arguments. Here we show that Bohm’s deterministic formulation of quantum mechanics allows the Born rule for measurements on a single system to be
derived, without any statistical assumptions. We solve a simple example where the creation of an ensemble of
identical quantum states, together with position measurements on those states, are described by Bohm’s quantum dynamics. The calculated measurement outcomes agree with the Born-rule probabilities, which are thus a
consequence of deterministic evolution. Our results demonstrate that quantum probabilities can emerge from
simple dynamical laws alone, and they support the view that there is no underlying indeterminism in quantum
phenomena.

INTRODUCTION

In the usual textbook presentation, quantum mechanics
is an indeterministic theory whose predictions are statistical [1]. This differs fundamentally from classical mechanics,
in which the dynamical laws are deterministic but can sometimes lead to statistical predictions [2]. In quantum mechanics the Schrödinger equation describes deterministic (unitary)
time evolution. The indeterministic and probabilistic aspect of
quantum mechanics enters with the Born rule; in its original
form [3] the rule associates the square of the absolute value
of the wave function with a probability density for position,
provided a position measurement is performed. The Born rule
is an additional postulate essential for obtaining experimental
predictions, but its requirement to specify which events constitute measurements has long been a source of dissatisfaction
and controversy [4]. Efforts to base the theory solely on the
dynamics of the Schrödinger equation face the well-known
crux of reconciling strict unitary evolution with the classicallike behaviour of macroscopic objects [4–6]. There is no general agreement that the emergence of classical behaviour from
the quantum world could eventually be explained by unitary
evolution [7].
The status of the Born rule requires reassessment in the
formulation of non-relativistic quantum mechanics developed
by de Broglie, Madelung and Bohm, generally referred to as
Bohmian mechanics [8–13]. In this formulation, quantum mechanics is a deterministic theory in which particles follow trajectories just as in classical mechanics. The Schrödinger equation is supplemented by a simple equation relating the particle trajectory to the phase of the wave function (equation (6)
below). The statistical aspect of quantum mechanics is incorporated by postulating that the particle trajectories in an
ensemble of identical quantum states are distributed according to the Born rule. Once such a distribution is established
it is preserved for all later times by the Bohmian dynamical laws [10–13]. This formulation gives quantum mechanics more of the features of classical statistical mechanics, and
it naturally leads to the question of why the particle trajectories should be distributed according to the Born rule. (In the

usual formulation of quantum mechanics a similar question is
difficult to pose because the Born rule there refers to a distribution of experimental outcomes rather than to a distribution
of pre-existing particle properties.) One point of view that
arises from the similarities to statistical mechanics is that the
Born rule is a natural or typical distribution of the trajectories,
just as thermal-equilibrium distributions are viewed as typical
in statistical mechanics [13–15]. This requires statistical arguments and measures of typicality for large systems subject
to the (deterministic) Bohmian dynamical laws [13–15]. Here
we first show that consistency of the Bohmian formulation requires the Born rule for measurements on a single system to
be derivable from the deterministic evolution, without any appeal to statistical arguments. Then we give such a derivation
of the Born rule for a simple system.

GENERAL ARGUMENT

The experimental verification of the Born rule requires an
ensemble of identical quantum states. Each state in the ensemble can be prepared using different physical systems with
measurements performed separately on each system. Alternatively, the same physical system can be employed throughout,
with the system being returned to the quantum state in question after a measurement. We focus on the second scenario
from now on. The significance of this second scenario is that
the entire process of measurements and re-formations of the
quantum state can be described using the deterministic laws
of Bohmian quantum mechanics. Reproduction of the original quantum state after a measurement is described by the
Schrödinger equation with an appropriate external potential,
and this process is deterministic even in the usual formulation
of quantum mechanics. But in the Bohmian formulation the
measurement process itself is also deterministic, with the outcome of a measurement determined by the actual position of
the particle in the quantum state [10–13]. The statistical distribution of experimental results is then usually attributed to
a Born-rule distribution of the particle trajectories in an ensemble of identical states [10–13]. In our scenario, however,
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a complete description of the ensemble of identical recurring
states and measurements on those states will give us the particle trajectory throughout the entire process. We are thus not
free to assume any statistical distribution for the position of
the particle in the recurring states: our calculation will give us
all of these positions. The position in each recurrence of the
quantum state will in turn give us the result of the measurement on that state, so we will have derived the measurement
outcomes for the ensemble from deterministic laws. If these
measurement results exhibit the Born rule then we will have
derived this rule from the Bohmian formulation; if the results
do not obey the Born rule then this rule is inconsistent with
Bohmian quantum mechanics. The only degree of freedom
of the particle trajectory in the ensemble of recurrences is the
particle position in the initial state [10–13]. In the Bohmian
formulation the particle can be at any position where the wave
function is non-zero (but in any particular state the particle is
in a definite position) [10–13]. If we are to derive the Born
rule, the derivation must hold for any allowed position of the
particle in the initial state because the Born rule must hold for
any ensemble of recurrences and measurements.
These considerations show that the Born rule must be derivable in Bohmian quantum mechanics without any statistical
assumptions; it cannot be an extra postulate nor can it be
traced to some typicality property of a universe obeying quantum mechanics, even if the latter notion could be made meaningful given the unsolved problem of quantum gravity.
This general argument has already been given in [16, 17],
but without an explicit demonstration that the Born rule can
indeed be derived in the manner described. Instead appeals
were made to a likely ergodicity [16] or chaotic dynamics [17]
in the system trajectory when repeated measurements are performed. However, what is required for a demonstration is an
explicit calculation of measurement outcomes using only the
deterministic dynamical equations, and this is what will be
provided below.

EXAMPLE

The preceding argument can be illustrated and tested by
an example. We choose the state for the ensemble to be the
ground state of the one-dimensional harmonic oscillator. The
measurement performed on the state will be a determination
of whether the particle lies to the left or the right of the peak
of |ψ|2 (a Gaussian function of position). This measurement
process requires us to split the wave function into two equal
parts (similar to a Stern-Gerlach experiment [1]). We must describe this splitting dynamically using the (deterministic) laws
of Bohmian quantum mechanics. First we identify an external
potential that performs the required splitting of the wave function. A simple approach is to write down a time-dependent
wave function ψ(x, t) that exhibits the splitting in question,
substitute this into the Schrödinger equation, and solve for the
potential. Consider the wave function
ψ(x, t) = R(x, t)eiS(x,t) ,
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where R(x, t) and S(x, t) are the (real) amplitude and phase,
respectively. Throughout this paper we take ~ = 1 and consider a particle of unit mass. The amplitude (2) is plotted in
Fig. 1. It is a Gaussian at t = 0 that splits into two Gaussians
moving in opposite directions with unit speed as t → ∞. We
require the external potential V (x, t) that produces this dynamics to be real and this will determine the unspecified real
function f (x, t) in the phase (3), as follows. Substitution of
(1)–(3) into the Schrödinger equation yields a complex expression for V (x, t); setting the imaginary part of this expression to zero gives a differential equation for f (x, t). The differential equation features only spatial derivatives of f (x, t),
up to second order, and a solution is
"
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where erf(x) = (2/ π) 0 dy e−y is the error function. The
(real) external potential is then given by
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(5)
and this is plotted in Fig. 2. The potential is zero at t = 0
and as t → ∞ it becomes two harmonic oscillator potentials
(for unit oscillation frequency) moving in opposite directions
with unit speed. The initial (t = 0) vanishing of the potential V (x, t) causes the wave function to begin to spread; the
subsequent (t > 0) behaviour of V (x, t) marshals the wave

V (x, t) =

FIG. 1: The amplitude (2) of the wave function (1). The black lines
in the xt-plane are trajectories of the particle for a range of initial
positions (see (6)).
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function in the correct manner to produce the splitting shown
in Fig. 1.

FIG. 2: The external potential (5), which vanishes at t = 0 and forms
two harmonic-oscillator potentials moving in opposite directions at
unit speed as t → ∞.

The particle in the state (1)–(3) follows one of an infinite
number of possible trajectories determined by its position at
any time, say t = 0. The trajectories are the solutions of
ẋ(t) = ∂x S(x, t)|x=x(t) ,

(6)

with an arbitrary initial position x(0) [10–13]. Sample trajectories are plotted in Figs. 1 and 3 for a set of initial positions. Depending on whether the particle has initial position
x(0) < 0 or x(0) > 0 it moves to the left or right, respectively, in Fig. 3. The particle initially has zero velocity and is
accelerated until it is moving left or right with unit speed (see
Fig. 3). For initial position x(0) = 0 the particle remains at
rest; this is a point of unstable equilibrium.
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FIG. 3: Possible particle trajectories in the state (1)–(3). The trajectories are solutions of (6) for a range of initial positions x(0).

It is essential for our argument that no assumptions are
made about which trajectory the particle follows. In particular we must not attribute any statistical meaning to the wave
function. Although we have followed convention in using a

R∞
normalized wave function (1)–(3) (i.e. ∞ dx |ψ|2 = 1), this
is irrelevant for what follows: the trajectories are independent
of any normalization factor (as is obvious from (6)).
To complete the position measurement on the initial state
we must ascertain whether the particle is moving left or right,
as this reveals whether the particle in the initial state was located at x < 0 or x > 0, respectively (this statement holds in
both the usual and Bohmian formulations). This requires the
coupling of the particle to a macroscopic “pointer” [4, 10–13],
which in this case will take one of two values (left/right). In
the usual formulation of quantum mechanics the pointer is a
classical object and when the position of the pointer is read
the quantum state of the particle “collapses” irreversibly to
the corresponding part (left or right) of the split wave function [4]. In Bohmian mechanics both the pointer and the particle obey the quantum dynamical laws and there is no collapse; rather the measurement process entangles the pointer
with the measured system so that movement of the pointer to
“left” or “right” shows that the particle is in a left or right trajectory, respectively. This simple account of measurement is
possible in the Bohmian formulation because quantum objects
(pointer and particle) follow well-defined, unique trajectories
in space [4, 10–13]. Once it is ascertained that the particle is
moving left, say, the right-moving part of the split wave function no longer affects the particle trajectory, unless it eventually encounters the partner from which it split and interferes
with it. The pointer’s wave function has undergone a similar splitting however, and its coupling to the wider environment produces a total system wave function (pointer, particle
and environment) that is a superposition of non-overlapping
functions in the total configuration space [10–13]. The total
system follows a definite trajectory in its configuration space,
located in one of the non-overlapping parts of its wave function [10–13]. Subsequent overlapping of the constituent parts
of the superposition is possible in principle but viewed as
overwhelmingly unlikely in practice and this is how the irreversibility and time asymmetry of the measurement process
enters into the Bohmian formulation [10–13]. In our example
we have complete control over all parts of the particle wave
function and no recombination will occur.
After the coupling to a left/right pointer we must re-form
the original quantum state from the part (left- or right-moving)
of the wave function relevant for the subsequent particle motion. Examination of (1)–(4) shows that as t → ∞ each of
the split parts of the wave function reproduces the original
ψ(x, 0) in a frame moving at constant
unit speed with am√
plitude reduced by a factor of 1/ 2 and with an additional
time-dependent phase factor. In more detail, the phase function (4) is zero at t = 0 and approaches x for x > 0, −x
for x < 0, as t → ∞; this gives the particle a unit speed as
t → ∞, from (6). The resulting left/right wave packets are
Galilean transformations [1] of the ground state wave function of the harmonic oscillator
√ up to a time-dependent phase
factor (and a factor of 1/ 2). Any x-independent terms in
the phase have no effect on the particle motion (see (6)) and
neither do constant factors in the wave function. Thus the
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left- and right-moving wave packets both reproduce the original t = 0 quantum state in a different inertial frame. After
the coupling to the left/right pointer we must therefore undo
any change in the quantum state caused by this coupling in
order to reproduce the original state. For simplicity we assume that an energy measurement is performed at large time
t in each of the two harmonic-oscillator potentials produced
by the evolving external potential (5): one of these measurements will yield the ground-state energy and leave the quantum state undisturbed while the other will find no particle in
the well. The only essential aspect of the measurement process for our investigation is the splitting of the wave function
and the reproduction of the original wave function (up to irrelevant constant factors and time-dependent phase factors) from
the part that contains the particle trajectory. The result of any
left/right measurement is the direction (left or right) taken by
the particle, which in turn is completely determined by the
initial position x(0).
With the recurrence of the original quantum state we have
the second member of the ensemble. By transferring to the inertial frame co-moving with the particle we can repeat the process just described; in this manner we generate the ensemble
of identical quantum states and measurement results on those
states. For each value of the initial position x(0), the particle
trajectory will give the measurement outcomes on every state
in the ensemble without any use of the Born rule or statistical
arguments. We can thus check if the measurement outcomes
agree with the Born rule for every x(0). The relevant property of the trajectory is the particle position in each recurrence
relative to the centre of the harmonic-oscillator well in which
it lies, as this gives the measurement outcomes. We can employ a simple iterative procedure: we choose x(0), solve the
trajectory equation (6) (see Fig. 3 for examples) to find x(t)
at large t, subtract from x(t) the position of the centre of the
harmonic-oscillator well in which the particle lies, and use the
resulting number as the initial position in the next iteration. A
sample set of relative positions obtained from such an iteration is shown in Fig. 4 for the choice x(0) = 1 and with the
trajectory equation solved from t = 0 to t = 20 to obtain the
(n + 1)st position from the nth position. The qualitative behaviour of consecutive positions in Fig. 4 can be understood
from the trajectories in Fig. 3. A position far from the centre
of the well is moved back towards the centre, but a position
very close to the centre is followed by a position far from the
centre on the opposite side. This entirely deterministic process produces a distribution of positions whose statistics we
now investigate.
In the usual formulation of quantum mechanics, the measurements on the ensemble give a sequence of “left” or “right”
readings and the Born rule predicts an equal likelihood for
each of the two possible readings. Our sequence of relative
positions {xi } in the recurrences gives these measurement
results according to the correspondence xi < 0 ⇒ LEFT,
xi > 0 ⇒ RIGHT. We can check whether the statistics of
{xi } agrees with this Born-rule prediction. One might imagine that a more detailed test of the Born rule (involving more
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FIG. 4: Position of the particle relative to the centre of the harmonicoscillator well for the first 100 recurrences of the quantum state. The
initial position is 1 and the trajectory equation (6) is solved from
t = 0 to t = 20 between recurrences. Consecutive positions are
connected by a straight grey line.

than two possible measurement outcomes) would be obtained
by splitting the wave function into a very large number of parts
and thereby performing a much more exact position measurement. In fact the left/right measurement data already allows
us to determine the particle position in the initial state, and indeed in any of the recurrences, to arbitrary precision. This is
because our derivation of the measurement outcomes is only
possible using the Bohmian formulation, and the sequence of
left/right results allows us to locate more and more precisely
which trajectory the particle is following. The result of the
nth left/right measurement is determined by the initial position x(0) and for large n the range of x(0) that corresponds to
trajectories that reach the nth recurrence is very small (only
one sequence of left/right deflections of the trajectory leads
to this recurrence). The initial position x(0) can thus be determined to arbitrary accuracy (on this kind of retrodiction in
Bohmian mechanics, see Ref. 12). Moreover the same is true
for the particle position in any recurrence: by extending the
evolution to additional recurrences we can determine the position in any particular recurrence to arbitrary precision. Hence
our set {xi } can be taken to be position measurements on an
ensemble of identical quantum states and the statistics of these
measurements has thus been derived from the deterministic
laws of Bohmian mechanics.
The statistics of the particle positions in the ensemble is
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quantum state asymptotically as t → ∞. By halting the evolution after finite time and taking the left or right part to be a
recurrence of the original state, as is done in Figs. 4 and 5, we
introduce small errors. Such tiny differences in the quantum
states are in fact important for the position of the particle in
individual recurrences: a change in the time for which the trajectory equation is integrated significantly changes the particle
positions after a few tens of recurrences. The distribution of
positions is unaffected however, and this stability is essential
for the distribution to have experimental significance.
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FIG. 5: Statistics of particle positions in the ensemble. 2 × 106 positions are used, the first 100 of which are shown in Fig. 4. The
histogram shows the number of points in bins of width 0.1, normalized to give the probability density function. The red curve is the
(normalized) |ψ|2 for the ensemble.

displayed in Fig. 5, for the choice of x(0) and evolution time
between recurrences used in Fig. 4. The particle positions in
two million recurrences were calculated and grouped into bins
of width 0.1. Figure. 5 shows a histogram of the number of
points in each bin, normalized to give the probability density
function. The red curve in Fig. 5 is the (normalized) |ψ|2 for
the quantum state in the ensemble. Different choices of initial
position x(0) do not affect the statistics (the choice x(0) = 0
is an exception, as noted earlier, but infinitesimal differences
in the quantum states in the recurrences would move the particle off this unstable trajectory even if the initial position were
exactly x(0) = 0). In particular a choice of x(0) at which the
value of |ψ|2 is negligible produces the same histogram for
large number of recurrences. As noted above, this lack of dependence of the distribution on the initial position is essential
if the Born rule is to be a consequence of Bohmian quantum
mechanics. Another requirement is that minor differences in
the quantum states of members of the ensemble should lead
to only minor changes in the distribution. This requirement is
also verified to some extent by our example because the evolving wave function (1)–(3) only reproduces the initial t = 0

We have given an example where the Born rule for quantum probabilities is a consequence of deterministic evolution,
with no statistical assumptions. A second example is given in
the Appendix. Our hypothesis is that the details of these examples are unimportant and all ensembles of recurrences (and
measurements) in the Bohmian formulation will exhibit the
Born rule. Indeed this must be so if Bohmian quantum mechanics is to agree with experiment. If our hypothesis is correct, then Bohm’s approach provides the simplest resolution
of the measurement problem in the case of measurements on
a single system. Bohm’s theory, strengthened by our findings,
supports the view that indeterminism in the quantum world is
a theoretical choice [4], not an experimental fact.
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Appendix

Here we show a second example of an ensemble of recurrences and measurements. This second example is similar to
that in the main text, but here we use the first excited state of
the harmonic oscillator as the recurring state in the ensemble.
We chose a normalized wave function (as in the main text,
~ = m = 1)

h
i
2
2
eif (x,t)−3it/2 e−(x−t) /2 (t(x − t) + i(10 − t)x) + e−(t+x) /2 (t(t + x) + i(10 − t)x)
p
ψ(x, t) =
,
(4π)1/4 e−t2 /2 t (−t3 + t − 10) + et2 [(t − 10)t(t2 − 10t + 1) + 50] + 50

where f (x, t) is an unknown (real) phase. The amplitude
R(x, t) = |ψ(x, t)| of this wave function is shown in Fig. 6.
The amplitude of the wave function (A.7) at t = 0 is that of
the first excited state of a harmonic oscillator. At t = 10 the
amplitude is in two spatially separated parts, each of which is,

(A.7)

to a very close approximation, also the amplitude of the first
excited state (up to a constant factor). Unlike the example in
the main text, here the re-formation of the original state after
the splitting is not arranged to be exact in the asymptotic limit
t → ∞, rather we arrange an almost exact re-formation at a
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FIG. 6: A splitting of the wave function for the first excited state of
the harmonic oscillator. The amplitude R(x, t) = |ψ(x, t)| of the
wave function (1) is shown.

finite time (here t = 10). For t > 10 the wave function (A.7)
does not reproduce the initial amplitude. The phase f (x, t)
in (A.7) must be chosen so that the external potential V (x, t)
is real. Substituting (A.7) into the Schrödinger equation and
solving for V (x, t) we demand that the resulting expression
be real. This determines f (x, t) up to a additive constant. In
detail, f (x, t) must be related to the amplitude R(x, t) of the
wave function by[18]
Z x


1
∂x f (x, t) = − 2
dx ∂t R2 (x, t) .
(A.8)
R (x, t) 0
Using (A.8) an analytic expression for ∂x f (x, t) can be found
using Mathematica, but it is very lengthy and we do not write
it here. Since the spatial derivative of the phase determines
the particle trajectories (see main text) we obtain an exact analytical equation for the trajectories in this second example.
Samples of trajectories are plotted in Fig. 7 for a set of initial
positions x(0).
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FIG. 7: Possible particle trajectories in the splitting of the first excited state of the harmonic oscillator.

We now perform the iterative procedure described in the
main text, where here we integrate the trajectory equation

FIG. 8: Statistics of particle positions in the ensemble of first excited
states of the harmonic oscillator. 105 positions were calculated for
initial position x(0) = 1. The histogram shows the number of points
in bins of width 0.1, normalized to give the probability density function. The red curve is the (normalized) |ψ|2 for the ensemble.

from t = 0 to t = 10 between recurrences. This gives us the
position of the particle relative to the centre of the wave function in each recurrence after a splitting. As described in the
main text, these relative positions are the results of position
measurements on the ensemble of recurrences in the Bohmian
formulation. The statistics of the relative positions is depicted
in Fig. 8 for 105 recurrences, with initial position x(0) = 1.
The positions were grouped into bins of width 0.1, and Fig. 8
shows a histogram of the number of points in each bin, normalized to give the probability density function. Also shown
(red curve) in Fig. 8 is the normalized |ψ|2 for the state in
the ensemble, which correctly gives the probabilities for the
calculated measurement outcomes.
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